MA240 Vector Analysis Sheet 1 PKS

1. Let a=3i+j—2k; b=2i—j+k; c =i+ 3j — 2k. Evaluate

(a) a.b;
(b) a.(b x c);
(c) ax (b xc).

2. Let a, b, ¢ be defined as in question 1. Verify that:

ax (b xc)=(ac)b-(ab)c.

3. Let a(t) = (3t + 2¢)i + tantj — te’k. Determine 2.

4. Let F(t) = t% + t%j + tk. Find the value of

E g
dt dt?

when ¢t = 1.
5. Let a(u,v) = ww?i+u?vj+ (u+v)?k. Determine the partial derivatives:

da a_a. da  9%a  d%a 0%a
ou' Ov' Ou?’ Oudv’ Ovou'  Ov?’

6. Let F(u) = (u? + u)i + (ud — 2u?)j + ue¥k. Determine

/12F(u)du.
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MA240 Vector Analysis Sheet 2 PKS

1. Which of the following are vector fields and which are scalar fields
(and which, if any, are neither): Temperature, gravity, velocity, density,
speed, time, force, height above sea level, acceleration.

2. Sketch the level surfaces of the following scalar fields:

(a) d(z,y,2) =z +y
(b) #(z,y,2) = 2% + 4>
(c) ¢(x,y,2) = 42° + y?

3. Determine the equations of the field lines for
F(z,y,2) = zi+ 2%

4. Calculate V¢ and find the unit normal to the level surfaces of ¢ where

(a) ¢(z,y,2) = zyz
(b) é(z,v,2) = 2°y + 32
(c) ¢(z,y,2) = cosz +siny
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MA240 Vector Analysis Sheet 3 PKS

1. Let
¢ = 22y + 2 + 1225
(a) Calculate V¢
(b) Find V.V
(¢) Find V2¢
(d) Verify that in this case V x V¢ = 0.
(e) Show (by substituting in the definition of V') that for a general é

VxVé=0

(You may assume that ¢ is such that 6‘9—;% = 56% etc.)

2. Let
F = (z%y + y2)i + (2 + 2)j + zyzk.
(a) Find V.F
(b) Find V x F

(c) Verify that
V x (VxF)=V(V.F) - VF

r=r| = |zi+yj+ 2k| = /22 + 2 + 22,

By using te definition of V show that for any integer n:

3. (a) Let

(b) Again using the definition of V, show that for any constant vector
a

V(r.a) = a.
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MA240 Vector Analysis Sheet 4 PKS

1. A scalar field is defined by
d(z, v, 2) = zy=2.
Find the directional derivative of ¢ in the direction of the vector
zi+yj+ 2k

at the point (1,1,1).
Let the curve C be described by

r(t) = costi +sintj + tk

as t varies between 0 and 2.

Evaluate

/ Vodt  and / V.dr
C C
2. For each of

(a) F=zi+yj+ 2k
(b) F = zyi+ zzj + 2%k

calculate

/CF.dr

(i) C is the straight line joining (0, 0,0) to (1,1,1),
(ii) C is the two straight lines joining (0,0, 0) to (0,1,0) to (1,1,1).

where

Based on your answers, is it possible for either of the given vector
fields to be conservative? Give reasons for your answer. Confirm your
deductions by taking the curl of the vector fields and find the associated
scalar potentials of any of the vector fileds which are conservative.
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MA240 Vector Analysis Sheet 5 PKS

1. Evaluate
() J{ J3 (@ + 2y) dzdy
(b) S Js aPy dudy
(c) J& 0(2—y) xy dxdy — sketch the region of integration

2. Calculate
/S F.dS

F = 22%y2i — zy%2zj + 3zy2%k
and S is the surface of the unit cube 0 <z <1,0<y<1,0<2< 1.

where

3. Calculate
/S F.dS

F = 2% —yj + 22k

where

and S is the plane
2 +y+22=2

bounded by z =0, y =0 and 2 = 0, i.e. in the first octant.
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MA240 Vector Analysis Sheet 6 PKS

1. Verify Stoke’s Theorem for
F=zyi+zj+4k

over the unit square

2. Verify Gauss’ Divergence Theorem for the vector field
F = zyz(i+2j + k)
over the unit cube (0 <z <1)x (0<y<1) x (0<2<1).

3. By using Gauss’ Divergence Theorem show that
[ Fds=u4n
S

where
F = 2zi + 222% + 2k

and S is the surface of the sphere 22 +y%+22 = 1. (Recall that [, dV =
volume of V.)
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MA240 Vector Analysis Assessment PKS

Due: 9am Friday 3rd December (at tutorial)

1. (a) For what value of ) is the vector field
F = A(ar)r + (r.r)a

conservative, a being a constant vector.

(b) By substituting for r using question 3(a) from sheet 3 with n = 2
and for a using question 3(b) from sheet 3, give the associated
scalar potential ¢ when A takes this value.

(c) Is ¢ harmonic - i.e. does it satisfy Laplace’s equation V2¢ = 07?

2. If
F = zyi + yzj + 2’k
calculate
/F.dr from (0,0,0) to (1,1,1)
along

(a) the curve z =t,y=1t% 2 =13,

(b) the straight line joining the two points,

(c) the three straight lines joing the two points via (1, 0,0) and (1, 1, 0).
Is F a conservative vector field (give reasons)?

3. A solid consists of a hemisphere
w4y +22<1, z>0.

Use Gauss’ Divergence Theorem to show that

/ (i + (a° + dy + 29)j + (1 — 2)k).dS = 37

where S is the curved surface of the solid. (You may wish to remind
yourselves of the formula for the volume of a sphere and that for the
area of a disc.)
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