Scattering of time-harmonic acoustic waves:
Helmholtz equation, boundary integral equations and BEM

Lecture notes for the “Advanced numerical methods for PDEs” class

Andrea Moiola
Department of Mathematics, University of Pavia
andrea.moiola@unipv.it
https://euler.unipv.it/moiola/T/MNAPDE2023/MNAPDE2023.html

February 27, 2023

This is a preliminary version of the notes.
Please let me know if you find any error or have any suggestion.

The main character in this course is the Helmholtz equation (also known as “reduced wave equa-
tion”), which is the following partial differential equation (PDE):

o

Here A = 2?21 8%1, is the Laplace operator in n variables for n € {1,2,3}, k > 0 is a real parameter
called wavenumber, and u is the unknown of the equation, a scalar field defined on a subset of R". We
will mostly consider the two-dimensional case n = 2.

In the following, we first derive the Helmholtz equation from different physical phenomena, showing
that it can be used to model different kinds of linear wave problems. Then we show some simple special
solutions of the equation. We describe some boundary value problems (BVPs) and focus on one of them,
the exterior Dirichlet problem. We show how to reformulate this as a boundary integral equation (BIE),
introduce a numerical method (the boundary element method, BEM) to approximate its solution, and
explain how to implement it. We also use Fredholm theory to study some analytical properties of the
BIE, in particular its well-posedness, and finally sketch some alternative BIEs for the same BVP.

At the end of the course you should be able to reproduce with Matlab all the figures of these notes.

In the first few sections the approach will be more “physical” than “mathematical”, so we will not make
precise assumptions and will gloss over some issues such as the regularity of the objects involved or the
admissibility of some operations.

All the results presented here are well-known, but scattered over several books. At the end of this
document a few useful references are listed; they are the main sources used in the preparation of these
notes (see also those mentioned in Remark 5.24).

1 WHY IS THE HELMHOLTZ EQUATION RELEVANT?

1.1 AcousTICS

Sound waves are mechanical vibrations propagating in a fluid, which could be either a gas or a liquid.
In this section we introduce the basic equations that model them. A more complete introduction can
be found in [CJ77, §6] and [BKO0O, §3]. Being able to model, and thus to control, sound propagation
is important for numerous industrial and medical applications: not only for the design of concert halls,
musical instruments, microphones and loudspeakers, but also for noise and vibration mitigation (e.g. in cars
and aircraft), medical ultrasound imaging, non-invasive therapy such as high-intensity focussed ultrasound
surgery (HIFU), offshore oil exploration, underwater communication (sonar), bioacoustics, nondestructive
testing, sensors. . .

We denote by p(x,t) the density, by p(x,t) the pressure and by v(x,t) the velocity of the fluid in
a point x € R™ at time ¢t € R. We denote by V, div (or V-) and A the gradient, the divergence and the
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Laplacian in the space coordinate x only (i.e. without derivatives in ¢). Conservation of mass gives the
continuity equation

dp
E—&—dlv( v) =0

and conservation of momentum gives Euler’s equation

ov

o +(v-V)v+ Vp 0

where [(v-V)v]; =30 _ v,,0,,,v;. Both PDEs are non-linear as they contain quadratic terms (products
of p and v or v and its derivatives). We assume that all three quantities considered are small perturbations
of the constant! static values:

p(x,t) = po + p=(x,t), p(x,t) =po + px(X,1), V(X,t) =vp+va(x,t) and that vy =0.

P~ is called acoustic pressure or excess pressure. Linearising both equations around the static values
: 1 _ 1 1 P .
using = = ———7=~ ~ —(1 — 22)) we obtain
( &% po(1+E22) Po( PO )

Op~ OV

— div(vy) =0 and —— —V = 2
5 T Podiv(ve) ot o VPs T (2)
The pressure is an increasing function of the density p = f(p) with pg = f(po). Linearising this relation
and denoting ¢? := g—ﬁ(po) we have pg + p~ = f(po + p~) = f(po) + c2px, thus px = ?p~. (We can call
the equations (2) together with p~ = c?px~ the “first-order acoustic wave equation system”.) Using this
relation in the two linearised PDEs (2) we obtain that the pressure satisfies the wave equation:

1 0%p~
— — — Ap~ = 0.
c? Ot? P
Here we use that the divergence of the gradient is the Laplacian, Au = div Vu.) Since pr, = -5p~, also
g g P ) P =P~

p~ satisfies the same equation.

The wave equation has been obtained from the linearisation of two “conservation laws” (for mass and
momentum) and a “constitutive relation” (relating p and p).

In this derivation we have neglected the effect of the non-linear advection term (v-V)v and, implicitly,
those of fluid viscosity and gravity. A brief discussion of the validity of these assumptions is in [BK00,
p. 41]. Moreover, |p~| < po is true for typical sounds in air: e.g. acoustic pain threshold is between 63
and 200Pa (130-140dB), while ambient pressure is po ~ 101 325Pa, so |p~|/po ~ 6 x 1074—2 x 1073.

Exercise 1.1: (Acoustic velocity).

e Show that the velocity v satisfies the vector wave equation 12 5= — V(V-vy) =0.

e Fix n = 3. Prove that for all vector fields F € C*(IR®)? the following vector calculus identity holds
V(V-F)= AF + curlcurl F. (3)

Here A is the vector Laplacian (defined componentwise) and curlF = V x F = (9f: _ 9 oF

812 (9933’ 8x3
OF3 0OF, _ O0F1y
9521 D 89:2) is the usual curl operator.

e Deduce that if v, is irrotational, i.e. curl-free (curl v, = 0), then each Cartesian component vx, 1, U~ 2,V 3

2 .
is solution of the scalar wave equation: 6%88”5’1 —Avy;=0,j=1,2,3.

e Show that if v is irrotational at some given time g, then it remains irrotational for all ¢ > .

Exercise 1.2: (Velocity potential). Assume that, at some initial time ¢t = ¢, the velocity v~(x to) is gradient

of a (time-independent) scalar field i(bo( ). Show that the scalar field ¢(x,t) := ¢o(x j;o pa~(x%,5)ds,
called velocity potential, satisfies —% = p~ and - V(;S = vx. Show that the velocity potent|a| satisfies the
wave equation C%%? — A¢ = 0.

n some applications, the static (time-independent) background quantities pg, po and v( are not constant. E.g. in ocean
acoustics the background density and pressure typically depend on the position; in aero-acoustics the velocity of the fluid is
non-zero and variable. This leads to the presence of extra terms in the linearised differential equations.
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We have seen that several quantities (the acoustic pressure pn;, the density p., and, under suitable
assumptions, the velocity potential ¢ and the components of the velocity vx ;) satisfy the same wave
equation, so we write it for a general scalar field U:

1 92U

This is the prototype of second-order, linear, hyperbolic PDEs.

Exercise 1.3: (Time-domain plane waves). Show that for any smooth function F : R — R and any unit

vector d € R", |d| =1, the field U(x,t) =| F(x-d — ¢t) | is a solution of the wave equation (4).

Exercise 1.3 shows that any wave profile (imagine F as a pulse, e.g. _’\/\/‘) move across space—time
with speed ¢, which is thus called wave speed.? Indeed, ¢ = 1/z—f and the square root of the ratio
1g—2

between a pressure and a mass density has the dimension of a velocity (i.e. ,/% =).

Exercise 1.4: (Damped wave equation). The damped wave equation (or equation of telegraphy, see
[CJ77, §9]) with damping parameter v > 0 is

102U ~oU

——+—=—— —AU =0. 5

¢ ot? + c? Ot (5)
Assume that «y is small so that ¥ can be neglected. Show that wave profiles are damped in time with rate
T while they propagate: for any smooth function F': R — R and any unit vector d € R™, |d| = 1 the field

2
U(x,t) = F(x-d — ct)e” 2! is a solution of the damped wave equation (5) up to a factor — ;U ~ 0.
Conversely, show that if U is solution of the damped wave equation (5), then W (x,t) := e3'U(x,t) is
2
solution of the wave equation (4) up to a factor ;W =~ 0.

When the acoustic waves hits an obstacle D C R™ through which it cannot propagate, on the interface
between the obstacle and the fluid some boundary conditions have to be imposed. Depending on the
nature of the obstacle and of the fluid, different conditions can be imposed.

e If the obstacle is “sound-soft” then the acoustic pressure on its boundary vanishes, i.e. p~ = 0.

e If the obstacle is “sound-hard” then the normal velocity on the boundary vanishes, i.e. vo, - n = 0,
where n is the unit normal vector on the boundary of D.

Both sound-soft and sound-hard boundary conditions reflect all the energy carried by the wave.

e A simple way to model a more realistic absorbing boundary condition is to impose that the normal
velocity is proportional to the pressure: vy -n = %pz for some ¥ > 0 that represents how easily
the obstacle yields to the acoustic pressure. Here we have assumed that n points outwards of the
domain where the wave propagates and into the obstacle D. We have divided by cpg to ensure that
is dimensionless (check this fact). Deriving this relations and using the linearised Euler’s equation (2),
we obtain a relation involving p~ only: n- Vps + % 85% = 0. This is called “impedance” boundary
condition.

e If the obstacle is made of a different fluid, then instead of imposing boundary conditions we consider
two copies of the wave equations in the two fluids, with different values of ¢. The two equations are
coupled by suitable “transmission conditions”, i.e. by imposing the continuity of the pressure and the
normal displacement across the interface.

Similarly, if the obstacle is an elastic solid, acoustic waves in the fluid generates elastic waves in the
solid and vice versa. This is modelled by coupling the acoustic wave equation (4) with the (more com-
plicated) elastodynamic wave equation, whose unknown is the point displacement, through appropriate
transmission conditions, [Thl198, §1.3]. We briefly describe the equations of elastodynamics in §1.4.

2Thermodynamics states that sound waves are adiabatic, i.e. there is no heat loss, and that p = ap”, where a is a
proportionality constant and v = 1.4 for air (or for a diatomic ideal gas), see [BK00, p. 39 and §7.2, (7.33)]. Indeed, taking

air pressure pp = latma 101 325N/m?2 and air density po ~ 1.225kg/m3 we have ¢ = 1/2—‘;(;20) = \/’yapg_l = \/vpo/po =

340m/s, which is the speed of sound in air.
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In “aeroacoustics”, sound is generated by fluid turbulence, thus the source of acoustic disturbance is
distributed in the bulk of the fluid. This is modelled by the inhomogeneous wave equation:

1 0%U
c? ot?
where F'(x,t) is the source term. Vice versa, in “vibroacoustics” the sound is generated by vibrating

structures immersed in the acoustic fluid. In this case the source of disturbance is imposed as a boundary
condition, justifying the interest in the homogeneous wave equation (4).

~AU=F, (6)

1.2 TIME-HARMONIC WAVES

A time-harmonic function is a scalar field whose time-dependence is prescribed to be sinusoidal, in the
form?

U(x,t) = R{u(x)e " | = R{u(x)} coswt + I{u(x)} sin wt (7)

for an angular frequency w > 0 and a complex-valued field v which depends on the position in space
x but not on the time variable ¢. (Here R{-} and 3{-} denote real and imaginary parts, and i is the
imaginary unit.) A sound wave in the form (7) is a “pure tone”.

By taking the Laplacian and the second time-derivative of (7) we obtain that

C%%QTIQJ(X, t) — AU (x,t) = 3?{ ( - i—ju - Au)e_i”t}

and the following crucial fact.

If U(x,t) is a time-harmonic (7) solution of the wave equation (4),
then u(x) is solution of the Helmholtz equation (1) with wavenumber k := w/c > 0.

This is the main reason of the interest in the Helmholtz equation: it describes all time-
harmonic solutions of the wave equation. Any solution of the Helmholtz equation has to be inter-
preted via (7): multiplying by e~! and taking the real part we obtain a “physical” field depending on
space and time.

The angular frequency w is measured in radians per second and is proportional to the time frequency f,
which is measured in Hertz (1Hz = 1s~1), with the relation w = 27 f. For brevity, in the following we
simply use the word “frequency” for w. The higher the frequency w and the wavenumber k, the more
oscillatory are the solutions of the Helmholtz equation. Sounds that are audible by humans correspond
to values of f ranging approximately between 20Hz and 20 000Hz.

Another important acoustic quantity is the wavelength | A := 2% . From k = % and w = 27 f, we

have \ = %7 thus the wavelengths of audible sounds in the atmosphere range between 17mm and 17m.

The wavelength is a characteristic length associated to the Helmholtz operator A + k?: as we will see in
§2.2, A\ is the spatial period of some important periodic Helmholtz solutions.

Sound-soft conditions translate to Dirichlet boundary conditions v = 0, sound-hard to Neumann
n - Vu = 0, and impedance to Robin n - Vu — ikdu = 0.

Exercise 1.5: (Amplitude and phase). Show that a time-harmonic function U(x,t) as in (7) (not necessarily
solution of any PDE) can be written in terms of an amplitude function A(x) > 0 and a (real) phase function
o(x) as

U(x,t) = A(x) cos (w(t — ¢(x))).

Express A and ¢ in terms of u and vice versa.

At the point x, the wave U oscillates between the values —A(x) and A(x). Different points x; and x5
reach the maximum periodically at different times dictated by ¢: show that they are synchronised if and only
of ¢(x1) — ¢(x2) is an integer multiple of 27,

Exercise 1.6: (Inhomogeneous wave and Helmholtz equations). Let U be time-harmonic as in (7) and
be a solution of the inhomogeneous wave equation (6) with F(x,t) = R{f(x)e “!}. Show that u satisfies
the inhomogeneous Helmholtz equation —Au — k%u = f.

Exercise 1.7: (Time reversal). Show that complex conjugation of Helmholtz solutions “reverses time™: if U
is the space—time wave solution associated to the Helmholtz solution u, then the space-time wave solution W
associated to u = Ru — iSQu satisfies W (x,t) = U(x, —t).

3Unfortunately, several references use the opposite convention U(x, t) = R{u(x)el**}, with a different sign at the exponent.
This causes changes in the signs and conjugation in all formulas in the following.



Time-harmonic waves 5] A. Moiola — February 27, 2023

Exercise 1.8: (Helmholtz solutions oscillate around 0). Show that if u is a Helmholtz solution defined on
an open set and x, is an interior local maximum (minimum, respectively) of its real part, then Ru(x,) > 0

(Ru(x.) < 0, respectively). This means that Ru can look like "> but not like i

Exercise 1.9: (Time-harmonic loop). Verify that for every time-harmonic U as in (7)

3
Ux.0) = R{u(0}, Ulx5-) =S{u)} U(x ) = —Rfut}, U(x =) = -S{ux)}.
w w w
This means that when the wave U has value equal to the real part of u, it will shift towards a value equal to
the imaginary part of u. We will use this to determine direction a time-harmonic wave u is moving, from the
comparison of his real and imaginary part.

Exercise 1.10: (Helmholtz equation with complex wavenumber). Show that if U is a time-harmonic solu-
tion of the damped wave equation (5) then it is solution of the Helmholtz equation with complex wavenumber
k, such that k% = w(w + ivy)/c®>. (We always choose the root k with Rk > 0 and 3k > 0).

This shows that the solutions of the Helmholtz equation with complex wavenumber &k can be understood
as waves that are attenuated while they propagate, i.e. they are absorbed by the medium through which they
propagate. The larger the imaginary part of the wavenumber, the stronger the damping. A negative imaginary
part of k corresponds to v < 0 in (5) and to waves increasing in time, which is an unphysical situation.

Remark 1.11: (Waves in heterogeneous media). We have assumed that the medium through which the
wave propagates is uniform. In the more general case of an acoustic wave propagating through heteroge-
neous materials, both the sound speed ¢ and the static density p, depend on the position x. Repeating
po(x)Vp~) = 0. Assum-
ing time-harmonic behaviour (7) for U = p. we have the Helmholtz equation with variable coefficients
div(pO%X)Vu) + po(x‘;;(x)u = 0, which is often written as div(; 7= Vu) + k*n(x)u = 0 and n is called
refractive index. In the following we do not consider this more general problem and we stick to the constant-
coefficients case; see e.g. [CK2, §8] for more details on this problem.

2
the reasoning done above, one obtains the wave equation m% — div(

Remark 1.12: (Is the Helmholtz equation elliptic?). According to the standard classification of second-
order linear PDEs, Helmholtz equation is clearly elliptic: its principal part (the second order term) is simply
the Laplacian. Indeed it shares many properties with Laplace equation, e.g. “elliptic regularity” (all solutions
are C'™ in their domain). But often the word “elliptic” is used to denote problems that satisfy the assumptions
of Lax—Milgram theorem. We will see that the typical variational forms of Helmholtz BVPs do not satisfy this
requirement, so under this respect the equation is not elliptic. Indeed, it does not satisfy some other typical
properties of elliptic PDEs, such as the maximum principle; moreover it is closely related to the wave equation,
which is the prototypical hyperbolic equation.

Remark 1.13: (Helmholtz equation = wave equation + Fourier transform). Fourier analysis tells us
that any “reasonable” (e.g. square-integrable) time-dependent field U can be written as a continuous linear
combination of time-harmonic fields ei“tﬁ(xw) with different frequencies w € R, where U is its Fourier
transform (in time):

U(x,t) ¢t (x, w) dw with U(x,w) = Wt (x, ) dt.

-7 e = e

Reasoning as above, we can verify that, if U is solution of the wave equation with wave speed c, then its Fourier
transform U evaluated at a given frequency w, i.e. u(x) = U(x,w), is solution of the Helmholtz equation with
wavenumber k = w/c. Thus any solution of the wave equation is a linear combination of infinitely many
solutions of the Helmholtz equation at different wavenumbers. (Roughly speaking, this is how human ears
process sound: different parts of the ear receive and transmit to the brain different frequencies.) Numerically,
often one approximates a wave equation solution by solving several Helmholtz problems. This is an important
reason for studying the Helmholtz equation, even if we were not interested in problems at a fixed frequency.

When we study U and the wave equation we say that we work “in time domain”; when we study U or u
and the Helmholtz equation we say that we work “in frequency domain”.
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1.3 ELECTROMAGNETISM

Although the Helmholtz equation is usually associated to acoustic waves, it is important also in the
modelling of other kinds of linear waves, e.g. electromagnetic ones. In this section and in the next one we
fix n = 3, i.e. we consider 3D problems. Electromagnetic waves in a homogeneous material, in the absence
of charges, are described by the Maxwell’s equations:

curl €(x,t) + uaa—;’:(x, t)=0, curl H(x,t) — e%()@ t) —o€(x,t) =0, (8)
where £ is the electric field, H the magnetic field, € the electric permittivity, u the magnetic permeability,
and o the conductivity. The parameters €, ;1 and o represent the properties of the material through which
the wave propagates. As we consider a homogeneous, isotropic medium, € and p are positive constants, o
is a non-negative constant (0 in a dielectric, i.e. a perfect insulator, and positive in a conducting medium).
The first equation is called Faraday law, the second one Ampére law.

If both the electric and the magnetic field are time-harmonic, i.e. £(x,t) = R{E(x)e !} and H(x,t) =
R{H(x)e !} for some w > 0, then the time-independent fields E and H satisfy the time-harmonic
Maxwell’s equations:

curl E(x) — iwpH(x) = 0, curl H(x) + iweE(x) — cE(x) = 0. (9)

These are two vector-valued PDEs with two vector fields as unknowns. Eliminating H, we obtain the
second-order time-harmonic Maxwell’s equations for the electric field:

curlcurl E — k*°E = 0 with k2 = w?ep + iwop. (10)

Since divecurlv = 0 for any vector field v, any solution of (10) is divergence-free (solenoidal). Then
the expansion (3) of the curlcurl operator implies that each component of the solution of the second-
order Maxwell’s equations (10) is solution of the Helmholtz equation with (possibly complex, if o > 0)
wavenumber k:

AE; +kK*E; =0  for j=1,2,3.

1
VER

The speed of propagation of electromagnetic waves (e.g. of light) is ¢ = > 0 and the damping factor

(as in Exercise 1.10) is v = S{kQ}g =2>0.

As any other PDE, time-harmonic Maxwell’s equations are complemented by boundary conditions.
When the domain under consideration is surrounded by a metal, through which the electric field does not
penetrate, then typically one imposes the “perfect electric conductor” (PEC) boundary conditions,
which impose that the tangential component of the electric field vanishes. In formulas this is E x n = 0,
where X denote the vector product and n is the unit normal vector on the boundary. In terms of
the magnetic field, the PEC boundary conditions correspond to the vanishing of the normal component:
H-n = 0. This is easy to verify for a plane boundary, e.g. Il = {1 = 0}: in this case Exn = Ex(1,0,0) =
(0, B3, —E3) s0 E; = E3 = 0 on the whole plane IT, and H-n = £ curl E- (1,0,0) = (38 — 882) — .

We also often encounter impedance boundary conditions: H x n — d(n x E) x n = %g, or
equivalently g~!curl E x n —ikd(n x E) x n = g, for a positive parameter ¥ and a boundary source term
g. Here (n x E) x n=E — (E - n)n is the tangential component of E.

Exercise 1.14: (Maxwell-vs-Helmholtz). Complete the proof of the following statement. For k € C, k # 0,
a vector field v is solution of curlcurlv — k?>v = 0 if and only if it is divergence-free and each of its three
components is solution of the Helmholtz equation Av; + k?v; =0, j = 1,2,3.

Exercise 1.15: (Alternative derivation). We have shown that the components of the time-harmonic solutions
of the Maxwell's equations (8) are Helmholtz solutions. Show again the same fact performing the same
operations in different order. First eliminate H from (8) obtaining second-order Maxwell's equations in time-
domain. Then verify that each component of £ satisfies the wave equation (4). Finally assume that £ is
time-harmonic.

Remark 1.16: (Current density). Often the conductivity term o&€(x, t) in the time-domain Maxwell's equation
is modelled as a given current density J(x,t) and treated as a datum. If this is assumed to be time-harmonic
J(x,t) = R{J(x)e "'} we obtain the inhomogeneous time-harmonic Ampére law curl H + iweE = J and the
second-order equation curl i curl E—w?eE = iwJ. In absence of charges, the current density is divergence free:

divJ = 0 (more generally we would have the continuity equation divJ = —%, where p is the charge density),
so the component of the electric field satisfy the inhomogeneous Helmholtz equation AE; + k?E; = —iwpJ;.
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Remark 1.17: (1 Maxwell PDE =- 3 Helmholtz PDEs, 1 Maxwell BVP % 3 Helmholtz BVPs). We have
seen that time-harmonic Maxwell solutions are componentwise Helmholtz solutions. However, in general one
cannot reduce the solution of a boundary value problem for the Maxwell's equations (10) to three independent
Helmholtz problems for E4, E5, E3, because the boundary conditions required are different.

For instance, when we impose PEC boundary conditions, only the tangential component of the electric
field vanishes. This is equivalent to the imposition of two scalar boundary conditions (e.g. on two Cartesian
components if the domain is a cube) for three unknown scalar fields and three scalar PDEs (Helmholtz); the
boundary value problem is closed by the condition div E = 0 which intertwines the three components. Being
able to solve/approximate Helmholtz BVPs is not enough to solve/approximate Maxwell BVPs.

We see in the next remark that the decoupling of the scalar components and the reduction of Maxwell's
problems to Helmholtz ones can be performed when symmetries are present.

Remark 1.18: (TE and TM modes). ([Ned01, p. 5], [CJ77, §86], [BKOO, §6.8]) The Helmholtz equation is
important in dimensional reductions of the Maxwell's equations. Maxwell's equations simplify when we assume
that the dependence on one of the Cartesian variables of all components of the fields is a given complex

exponential, i.e. _ _ - )
E(z1, 22, 23) = E(z1, 22)e*?, H(z1, 22, 23) = H(x, 29)e""3. (11)

This is relevant when we consider the propagation of waves through very long objects such as optical fibres. In
this case the curl becomes

e (OHs . =~  ~  9Hs OH, OH,
1H = “7”73(—— Hy, inH, — 223 _ )
cur ¢ Oxq Mz, i Oz, Oz Oxq

Maxwell's equations (9) (with & = 0) become

OE; OH. ~ ~
177E2 - 1w,uH1 =0, =3 _ inHy +iweF; = 0,
8$ 81’2
-~ JE ~ -~ 9H ~
inEy — =—2 —iwpH, = 0, inH; — —= + iweF» = 0,
ory 01
0B, OF ~ OH, OH,
872 — L wpHs =0, Bor 2 ~ T + iweEs = 0.
T T2 €1 Z2
If E3 = 0, with some manlpulatlon one can see that all other field components can be computed from H3
(E1 = —(iwe — W) I%f;, By = (iwe — w—u) 1%1;13, H, = ——EQ, H, = El, and therefore (Hl,HQ) =
UJ2€H 7 VHg) and that Hj itself is solution of the 2D Helmholtz equation AHg + (w?eu —n?)Hs = 0. These

solutions are called “transverse-electric (TE) modes”, since the electric field is perpendlcular to the z3 axis,
anng which the wave propagates. Similarly, the “transverse-magnetic (TM) modes” are solutions with
Hj = 0, which can be computed by solving the same Helmholtz equation for Es5. All Maxwell solutions in form
(11) are sum of a TE and a TM mode.

Now assume that we want to compute the solutions of Maxwell's equation in an infinite cylinder Q@ x R =
{x = (z1,22,73) € R? : (z1,72) € Q,23 € R}, where Q C R?, and PEC boundary conditions are imposed
on 90 x R. A given TE mode satisfies the PEC conditions H - n = 0 if the Neumann condition n - VH; = 0
holds, while a TM mode has to satisfy the Dirichlet one F5 = 0. Thus there exists an electromagnetic wave
propagating through the “waveguide” € x R with frequency 7 in the x3 direction only if the 2D Helmholtz
problem admits a non-trivial solution. This is the same as saying that w?eu — n? is either a Dirichlet (TM) or a
Neumann (TE) eigenvalue for the 2D Laplacian in Q. Thanks to symmetry, 3D Maxwell's problems have been
reduced to 2D Helmholtz ones.

Exercise 1.19: (TEM modes). Assume that the (non-trivial) pair (E,H) is a "TEM mode”, which means
that it is simultaneously a TE and a TM mode: it is in the form (11) with E3 = Hs = 0. Show the following
facts.

o 12 = w2ep, i.e. n = k: the wavenumber in the x5 direction coincide with the free-space wavenumber.

H = /¢/11 e3xE, where e3 = (0,0, 1). This means that E and H are orthogonal vectors in the zx2-plane.
If ¢ is a 2D harmonic function (A¢ = 0), then E = V(z1, 72)e**s and H = \/e/p e3 x E constitute a
TEM mode.

If the domain  C RR? is simply connected then there is no non-trivial TEM mode with PEC conditions
propagating through  x R. (This is a main motivation for the use of coaxial cables.)
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The Helmholtz equation is used in place of the Maxwell’s equations when the effects of the wave
polarisation (the direction in which the field points) are neglected. This is often done, for example, in the
Fresnel, Fraunhofer and Kirchhoff descriptions of light diffraction by apertures.

Remark 1.20: (Reality is more complicated than this!). The setting considered in this section is a special
case of much more general ones, which are needed in many applications. If different materials are present in the
region considered, or the properties of the material vary in space, then ¢, i, o are function of position. In this
case, for instance, to obtain (10) we cannot simply move p to the second term and find componentwise solution
of the Helmholtz equation, but we obtain some more general elliptic equations. If the material is anisotropic,
then the coefficients are modelled by symmetric positive definite matrices (semi-definite in case of o). Since
the polarisation of a material given an impinging electromagnetic field is not immediate, the multiplications e£
and pH in (8) are more precisely modelled as convolutions in time between £/H and suitable kernels; however
in frequency-domain these give rise to standard products e(w)E and p(w)H where now the coefficients depends
on the frequency w. In some materials and regimes (e.g. in lasers) the coefficients € and p need to be modelled
as non-linear operators acting on E and H: this is the field of non-linear optics.

1.4 ELASTODYNAMICS

Mechanical vibrations propagating in solids have more complicated behaviour than those in fluids, as two
different types of waves can be present. The relevant PDEs are similar to the wave and the Helmholtz
equations, with some complications due to the fact that the unknown is a vector field and the differential
operator (in the space variable x) is not as simple as the Laplacian. The Navier’s equations are the
system of PDEs that describes small-amplitude vibrations in (homogeneous, isotropic) solid objects:

0*U
ot?

p = (A+2u)VdivU — pcurlcurl U + F.

Here U(x,t) is the displacement vector field, describing the position of a material point of the object
with respect to the rest position; F are the forces per unit of volume (e.g. gravity forces); the positive
parameters A and ju are the Lamé constants®, describing the elastic properties of the material; and
p > 0 is the mass density of the medium at rest. These are the main equation of “linear elastodynamics”,
while “elastostatics” studies the equilibrium case where U is independent of time (e.g. it studies small
deformations of an object under a static load). In absence of external forces acting in the volume of
the body (F = 0), and if the waves are time-harmonic with angular frequency w (i.e. (7) holds for each
component of U), the Navier’s equations become

(A +2u)V divu — peurl curlu + w?pu = 0. (12)

We define the wavenumber of pressure (longitudinal) and shear (transverse) waves, respectively, as:

[P p
kp = kg = —.
pimw A+2u° s w\/;

We define the scalar and vector potential, respectively, as

A+ - divu _ curlu

2u .
X = — =y divu = @, P = ——curlu= o (13)
From (12), we can use these potentials to represent u:
A+2
u=— +2 MVdivu—i—%curlcurlu:Vx+curl1p, (14)
w?p w?p
which is a “Helmholtz decomposition” of the displacement field. With some manipulation we obtain
=div di 1 iv curl=
Ax + k?gx (13),4=divy —diVV%Pu —divu (12) —g div ()\ ‘/:2# curl curlu — kl%u) — divu V=0 0,
1 1 A2 rl V=
curl curl g — kZap @ curlcurl cur2 % cwlu e ( - LY divu + k%u) — curlu "= 0.
kS k5

4Sometimes these equations are written in terms of the Poisson ratio v and Young’s modulus E, which are other relevant

material parameters related to the Lamé constants by the relations A = (1+1/)E(+2u) and p = ﬁ
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This means that the scalar and vector potentials satisfy Helmholtz and Maxwell’s equations, respectively.
The decomposition (14) shows that any solution u of Navier’s equations (12) is sum of two terms. The

first one is a curl-free, longitudinal, time-harmonic wave propagating at speed cp = ﬁ = %; this

is called pressure wave (P-wave). The second one is a divergence-free, transverse, time-harmonic wave
propagating at (lower) speed cg = = %; this is called shear wave (S-wave). In seismology, P-waves

and S-waves are called primary and secondary waves, respectively, because after an earthquake they reach
a give point the surface in this order, due to their different speeds.

In particular, all time-harmonic elastic waves can be ‘assembled’ from solutions of two copies of the
Helmholtz equation with different wavenumbers. In some applications, such as seismic imaging for oil
retrieval, Navier’s equations are sometimes approximated by the scalar Helmholtz equation, neglecting
shear waves.

The limit 4 — 0 corresponds to a fluid material, elasticity reduces to acoustics and shear waves
disappear: Navier’s equations tend to V divu + k%u = 0, which is the equation satisfied by the acoustic
displacement and the acoustic velocity.

The Dirichlet boundary condition for the Navier’s equations consists in imposing a given displacement
on the bondary: u = g. The Neumann boundary condition requires the traction operator T(u) :=
2/;% + Andivu + pun x curlu, with n the outward-pointing unit normal; setting T(u) = g on the
boundary corresponds to imposing the action of a force on the surface of the body.

When an elastic solid is in contact with a fluid, elastic vibration in the solid generate acoustic waves
in the fluid, and vice versa. The simulation of this interaction is important for noise mitigation in vehicles
and aircraft. On the boundary between the fluid and the solid domain, one has to impose “transmission
conditions”, to ensure the continuity of pressure and particle displacement (in formulas: pn = —T(u)
and n - Vp = w?pu - n, where p is the fluid pressure), see [[h198, §1.3]. This is sometimes called “strong
coupling”. If the pressure forces of the fluid on the solid are negligible, then one can impose a “weak
coupling”™ first compute the elastic vibrations of the solid and use them as input for the computation of
the acoustic field.

Porous materials (e.g. soil, rocks, biological tissues, foam sound absorbers, ...) are solid materials
containing pores, which are spaces filled by a fluid (water, oil, air, ...). The theory of poroelasticity,
first developed by M.A. Biot, describes the mechanical vibrations of porous media and arises from the
interaction between elastic waves in the solid structure and acoustic waves in the fluid component.

All properties mentioned here have an analogue in time-domain, as opposed to frequency-domain.

More information can be found e.g. in [BK00, §5] and [Th198, §1.2].

Remark 1.21: (Navier’s equations with strain and stress tensors). We give some more notation and write
Navier's equations in different equivalent forms to help relate other references to this section. Using identity
(3), equation (12) can also be written as

A+ p)Vdivu + pAu + w?pu = 0.
(A+p I p

We denote by Dv the Jacobian of the vector field v, by QSV = 2(Dv + QTV) the symmetric gradient, by
div the (row-wise) vector divergence of matrix fields, and by Id the 3 x 3 identity matrix. The symmetric

gradient of the displacement Qs(u) is called “Cauchy strain tensor” and often denoted ¢: it is a matrix field
measuring the deformation of the solid body. Using the identity 2div23 = Vdiv+A = 2V div — curl curl,

equation (12) can be written in the form

dive +w’pu =0, where o := QMQSu—i—)\(div u)ld = 2pe+ ATr(g)ld

is called “Cauchy stress tensor”. Then the traction operator on the boundary can be written as T(u) = on
(the matrix—vector product between the stress tensor and the unit normal to the boundary). The elastic wave
equations for more general anisotropic linear materials are still written in the form div o 4+ w?pu = 0 but the
strain and stress tensors are related by the more general relation o = Ce, where C is the fourth-order “stiffness
tensor”.

We mention a few other examples of oscillatory phenomena where the Helmholtz equation plays a role.

Remark 1.22: (Membrane vibrations). The small-amplitude vibrations of a membrane are described by the
scalar wave equation (4) in two variables and, in the time-harmonic case, by the Helmholtz equation. This
model is accurate under the assumptions that the rest position is flat, the displacement is small and vertical
(so the vertical component of the displacement is the unknown, the horizontal components are zero), the
membrane is perfectly flexible and elastic, in particular it does not resist to bending, and tension forces act only
tangentially to the membrane. Typical examples are drums, loudspeakers, microphones and our own eardrums.
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Exercise 1.23: (Helmholtz equation and Kirchhoff-Love plates). In mechanical engineering, flat, thin,
elastic structures are called “plates” and often modelled by Kirchhoff-Love theory. The flat three-dimensional
object is represented by a domain in R2. In the “pure bending” time-harmonic case, the plate displacement in
the direction perpendicular to the plate satisfies the fourth-order equation —A2u + k*u = 0, where A2 = AA
is the bi-Laplacian operator.

e Show that solutions of the Helmholtz equation Au + k?u = 0 and of the reaction—diffusion equation
Au — k?u = 0 solve also the fourth-order equation.

o Let u be a smooth solution of —A2u 4 k*u = 0. Define two fields w4 := Au+k?u. Show that they satisfy
Awy F k?wy =0 and that u = 55 (wy —w_).

This means that all time-harmonic Kirchhoff-Love solutions can be written as sums of oscillatory and
boundary-layer components, that are solution of Helmholtz and reaction—diffusion equations, respectively.

Remark 1.24: (Helmholtz for water waves). The “shallow water equations’ are a non-linear model for
the propagation of small-amplitude water waves in the sea when the horizontal length scale is much greater
than the sea depth, [BK0O, §4.7]. Their linearisation leads to the two-dimensional wave equation, so under
time-harmonic assumptions we obtain the Helmholtz equation once again, possibly with varying coefficients.
In this setting the Helmholtz equation is sometimes called “Berkhoff equation”.

2 PARTICULAR SOLUTIONS OF THE HELMHOLTZ EQUATION

We now focus on the construction of some simple analytical solutions of the Helmholtz equation Au+k?u =
0 in 2D and we study some of their qualitative properties. This is useful to understand some typical features
of all Helmholtz solutions. Moreover, in the next sections we will use some of these functions to study
some boundary value problems and to construct integral operators.

Plots and time-harmonic animations are available on the course webpage
https://euler.unipv.it/moiola/T/MNAPDE2023/MNAPDE2023anim.html

2.1 THE ONE-DIMENSIONAL CASE
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Figure 1: Panel 1: the real and the imaginary part of the one-dimensional propagative wave u(zx) = e'*®
over the interval (—1,1), with k = 10.

Panel 2: the real part of the corresponding solution of the wave equation U (xz,t) = R{e**e~“t} plotted
as function of x (horizontal axis) and t (vertical axis). Here we are taking w = k and ¢ = 1. The wave
propagates towards the right endpoint of the space interval.

Panels 3 and 4: the same plots for the stationary wave u(z) = cos(kz) = 3(e** + e **). The waves

oscillates in time but does not propagate: the peaks (yellow parts) appear at the same locations in
space.

We begin with the (boring) simpler case of one space dimension (n = 1). In this case, the Helmholtz
equation reduces to the ordinary differential equation: u” 4 k?u = 0. All solutions are in the form

u(x) = ¢ cos(kx) + co sin(kx) for some c¢1, ¢y € C.

Equivalently ' )
u(zr) = C1eF? 4+ Cye~ike for some Cy,Cs € C.

All 1D Helmholtz solutions are periodic with period A = 2%


https://euler.unipv.it/moiola/T/MNAPDE2023/MNAPDE2023anim.html
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Let us fix ¢ =1, so w = kc = k. When we expand the time-dependence of the corresponding solutions
(7) of the wave equation, we see that u(x) = e** corresponds to U(z,t) = R{e**~1k} = cos(k(z — t)),
which is a wave propagating to the right. On the other hand, u(x) = cos(kz) corresponds to U(x,t) =
R{cos(kx)e~**} = cos(kx) cos(kt), which oscillates in time but maintains the same space profile and does
not propagate. See Figure 1 and the animations.

2.2 PLANE WAVES

We have seen in Exercise 1.3 that the space-time field U(x,t) = F(x-d — ct), propagating in the direction
of d at speed ¢, is solution of the wave equation (here d € R? is a unit vector and F a smooth real function).
To have a Helmholtz solution, we want U to be time-harmonic, i.e. U(x,t) = R{u(x)e"“!}. A simple
way to reconcile these two expressions is to choose F(z) = R{e**} so that U(x,t) = R{ellFxd-wt)} =
cos(kx - d — wt) (recalling that w = kc¢) and

u(x) = = cos(kx - d) + isin(kx - d).

This is a time-harmonic propagative plane wave, which propagates in the direction d. Plane waves are
arguably the simplest solutions of the Helmholtz equation.

Another way to obtain plane waves is to look for Helmholtz solutions that are independent of one of
the Cartesian variables. If u(z1,z9) = @(z1), then @ has to satisfy @ + k%@ = 0, so 4(z1) = ¢; cos(kxy) +
co sin(kaxs) for some ¢, ¢y € C. Propagative plane waves correspond to the choice ¢; =1, ¢o = i.

Plane waves have constant amplitude |u(x)| and are constant on the lines perpendicular to d. Their
complex argument arg(u(x)) = kx -d in a point x is called phase. Plane waves are periodic in the
direction d with period equal to the wavelength A\ = 27” the wavelength is precisely the distance between
two consecutive peaks of a plane wave. A translation along a vector v corresponds to a multiplication by
a complex factor of absolute value 1, i.e. it is a phase shift: u(x + v) = eFx+Vv)d — gikv-dy (%),

The sum and the difference of two plane waves with opposite directions are called stationary, or
standing, plane waves:

eihxd 4 omibxd — 9 cos(kx - d), elfbxd _ o=ibxd — gigin(kx - d).
As in the one-dimensional case of §2.1, the reason why these are called stationary while e**'d ig called

propagative is clear if one looks at the evolution in time of the corresponding time-domain wave U (x,t) =
R{u(x)e *“!}; see Figure 2 and the animations.?

Exercise 2.1: (Conjugate of a plane wave). Show that the complex-conjugate of a plane wave is a plane
wave propagating in the opposite direction, in accordance with Exercise 1.7.

Exercise 2.2: (Periodicity of sum of plane wave). Show that a linear combination of two propagative plane
waves with directions the unit vectors d and p, with d # +p, is periodic both in the direction of the bisectrix
b = d + p and in the direction of its orthogonal b+ = d — p. Show that the period of the linear combination
in these two directions is and Sin(:\l/Q), respectively, where « is the angle between d and p.

A
cos(a/2)

Exercise 2.3: (Vector plane waves). Show that the vector plane wave E(x) = Ae**d s solution of
Maxwell's equations curlcurl E —k?E = 0 if and only if d-d = 1 and d - A = 0. This means that the
amplitude vector is orthogonal to the propagation direction, i.e. electromagnetic plane waves are transverse
waves. (The formula u x (v x w) = v(u-w) — w(u-v) might help.)

Show that Navier's equations (12) support both transverse plane waves Ae'*s*'d with d - A = 0, and
longitudinal ones de'*?*'d_ Longitudinal elastic waves are faster and have longer wavelengths than transverse
ones.

Here A € C3. If RA and SA are parallel to one another, then the plane wave u(x) = Ae'**d is said
to have linear polarisation. If RA and JA are perpendicular to one another and |[RA| = |SA] (so that
FA = £RA x d), then the polarisation is circular. In all other cases the polarisation is called elliptical.
To understand the meaning of these names, draw the graph of ¢t — U(x,t) = R{u(x)e “!} in the plane
perpendicular to d, for a given x. See also [BKO0O, §6.5].

5In one of the animations available online you can observe a sketch of the motion of the fluid particles subject to a
time-harmonic plane wave: each particle oscillates back and forth harmonically around a fixed position, and never moves far,
even if the wave propagates over the whole space. This happens for all solutions of the Helmholtz and the wave equations:
pressure, energy and momentum are transported while matter oscillates but does not move away.
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Plane wave ¢4 on (—1,1)2, k = 30, angle = 0.524
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Figure 2: Plane waves of propagative, stationary and evanescent type.
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2.2.1 EVANESCENT PLANE WAVES

Propagative and stationary waves are not the only solutions of the Helmholtz equation that are “separable”
in Cartesian coordinates (i.e. that can be written as u(x) = uj(x1)us(x2)). If we look for functions in the
form u(x) = elk* = el(iz1tkaz2) gatisfying Au + k*u = 0, we see that we need a “wavevector” k € C?
with k - k = k? + k3 = k2. If both k; and ks are real then we obtain again the plane waves. If at least
one of the two is not real then we have a new kind of waves, called evanescent (plane) waves. Expanding

k = kg +ik; with kg, kr € R?, we have | u(x) = % = elkrnXe~kix | this field oscillates in the direction

kp with wavenumber |kp| > k and decays exponentially in the orthogonal direction ky (Ju(x)| = e *1%).

The orthogonality of kr and k;j is a consequence of k - k € R. See Figure 2 for a representation.
Evanescent (non-plane) waves typically appear at the interface between different materials or near

boundaries; important examples in elasticity are Rayleigh waves, which include the surface waves generated
by earthquakes.

Exercise 2.4: (Evanescent plane wave computations). Verify the statements made in the paragraph.

Exercise 2.5: (Complex parametrisation of plane waves). Show that all 2D pIane waves, either propagative

or evanescent, can be written in the form eik(@1 cos0+aasind) — o5 (i(v+3)z+(v—3)e2) , parametrised by 0 # v €
CorfcC, with v =el?,
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Figure 3: The deformation of an elastic medium perturbed by plane waves. Left: the unperturbed
medium. Centre: a longitudinal plane wave de**d. Right: a transverse plane wave Ae*d with
A -d = 0. In this example the wave propagates horizontally (d = (1,0,0)) and A = (0,0,1). See §1.4
and Exercise 2.3. Acoustic waves are longitudinal waves, since fluids cannot support transverse waves.

2.3 CIRCULAR WAVES AND BESSEL FUNCTIONS

We have seen Helmholtz solutions that are separable in Cartesian coordinates, we now look for those that
are separable in the polar coordinates (r,8), where (z1,z2) = (rcos@,rsinf). The 2D Laplacian in polar
coordinates reads

2 2 2
Au_la(au) 10°v 0°u 10u 1 0%u

“rarVar) TR T2 T ey T 2o
If we have a separable Helmholtz solution u(x) = f(r)g(6), the functions f, g have to satisfy

f(r)g(9) + %f’mg(e) + %f(r)g"(e) + K f(r)g(6) = Au+ kKu =0,

The angular component g has to be periodic of period 27, so we take the circular harmonic g(6) = ei*?, for
¢ € 7. Then g"(0) = —¢%g(0), so we can cancel g from the expression above, multiply by 72, and obtain
that f satisfies

r2 () +rf'(r) + (r2k* = £2) f(r) = 0. (15)

For k = 1, this is called Bessel differential equation: it is a linear, second-order ODE with variable
coefficients, it depends on the index ¢ and degenerates at r = 0. Two linearly independent real-valued

solutions are the Bessel functions of the first kind and order ¢, denoted m, and the Bessel
function of the second kind (or Neumann functions) and order ¢, denoted . Explicit expressions

(e.g. as power series or integral representations), plenty of useful formulas and graphs can be found online
on the “NIST Digital Library of Mathematical Functions” [DLMF]. See also Appendix B.

Bessel functions of the first kind Jo'""Ja Bessel functions of the second kind Yo,...,Y4 Hankel functions H:’“,...,HL“
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Figure 4: The Bessel functions of first and second kind, and the Hankel functions, for { =0, ... 4.

The Bessel functions of the first and second kind for ¢ = 0,...,4 are plotted in Figure 4. We see
that both families of functions oscillate around 0 and decay slowly for  — oco. The distance between two
successive zeros of either J; or Yy is slightly shorter than 7 for £ = 0 and slightly longer than 7 for £ # 0.
The main difference is that the Jy(r)s are smooth over R, while the Y;(r)s have a singularity at r = 0; the
higher ¢ the stronger the singularity. Useful formulas are J_;(r) = (—1)%Jo(r) and Y_,(r) = (=1)*Y(r).
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The Hankel functions (sometimes called Bessel functions of the third kind) are the complex-valued
linear combinations

HY () = Jo(r) + 1 (r), HP (1) |:= Jo(r) — iYe(r) = H (7). (16)

The right panel of Figure 4 shows the first few Hankel functions: the argument r is one of the axis, the
real and the imaginary parts of H, él)(r) are on the other two axes. An important property of the Hankel
functions is that the magnitude r +— |H£1) (r)| is a monotonically decreasing function (|H£1) (r)| = +\/2/(7r)

for large r). For increasing r the complex number H él)(r) spirals clockwise towards the origin.
Bessel and Hankel functions can be used in Matlab with the commands bessel j, bessely and besselh.

Exercise 2.6: (Bessel equation). Verify that if f; is solution of (15) for k = 1, then, for any k > 0,
fr(r) := f1(kr) solves (15).

Exercise 2.7: (Bessel function asymptotics). Compare numerically the plots of the Bessel functions against
the asymptotics for small and large (positive) arguments (from [DLMF, §10.7]):

¢ 2 ¢—1)12°
- ? € Ny, Yo(z) ~ —log z, Yg(z)w—% ¢ eN, z =0,
T Tz

2 Ir 7 2 . r 7
Jg(z)wy/gcos(z—?—z), Y}(z)wy/;sm(z—?—z) ¢ € Ny, z — 0.

From what we have said, we deduce that for any ¢ € Z the two fields

(17)

Jo(kr)et, Yy (kr)el®

and their linear combinations are the solutions of the Helmholtz equations that are separable in polar
coordinates. They are called circular waves or Fourier—Bessel functions. Of all the elements of the
2-dimensional space span{.Jy(kr)e'?| Y, (kr)el*?}, only J;(kr)el®? is defined in the whole of R?, while all the
others are defined in the punctured plane R?\ {0}. They are all of class C* in their domain of definition.
From the angular dependence, we see that all these function are invariant under rotations of an angle

multiple of 27 /|{|; a rotation by an angle « corresponds to a multiplication by a complex factor eife,
Special circular waves are the Fourier—Hankel functions, namely
Hél)(kr)eim = Jo(kr)e®® 1Yy (kr)el, Hf)(kr)eiw = Jo(kr)el® —iYy(kr)el?, leZ.

We will see soon why the the Fourier—-Hankel functions H, él)(k:r)eiw are important for problems posed in
unbounded domains.
Plotting the time evolution (7) of these fields, one notes that the Fourier—Bessel functions J,(kr)ei*

and Yy (kr)e'”? rotate around the origin (anticlockwise if ¢ > 0, clockwise if £ < 0) and do not propagate
in the radial direction. The Fourier-Hankel functions H é” (kr)el? rotate and move towards infinity, while

the H 22)(167“)6% towards the origin. This can be seen in the animations on the course webpage. Figure 5
shows some circular waves.

Exercise 2.8: (Singular circular waves are not in H'). Show that the Fourier—Bessel functions Yy (kr)e'?

and all the Fourier—Hankel functions do not belong to H*(f2), for any domain € containing the origin 0,
because of the singularity at that point.

Use the small-argument asymptotics (17), the derivative formula Y} = (Y;_1 — Y¢41) [DLMF, eq. 10.6.1],
and recall how to compute gradients and integrals in polar coordinates.

Remark 2.9: (Special Helmholtz solutions in 3D). Plane waves in R? are defined exactly as in 2D.

The 3D analogous of circular waves are called “spherical waves”. In their expression, Bessel and Hankel
functions are substituted by the similar “spherical Bessel functions’ and “spherical Hankel functions”, denoted
ey ye, hgl), h@z). The angular component €' is substituted by the “spherical harmonics” Y™, which are smooth
functions defined on the unit sphere and indexed by two indices £ and m. All these functions are described in

details in e.g. [Néd01, §2.4, 2.6] or [CK2, §2.3, 2.4].


https://dlmf.nist.gov/10.7
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Figure 5: The Fourier-Bessel function J3(kr)e!®?, the Fourier— Hanke] function Hg ) (kr)e'®®, and the

sum of two Fourier-Hankel functions with oppos1te indices H (kr) 50+ H 1)(/m“) ~150_ " Since the
Hankel functions are unbounded at the origin, the field has been truncated to zero in the region where
its absolute value is larger than 2.

2.4 OTHER REMARKS ON THE HELMHOLTZ EQUATION

Remark 2.10: (Herglotz functions). For g € L?(0,27), the field u(x f glp)elfl@rcosptazsing) o, ¢

C>(R?) is called Herglotz function with kernel g. It can be thought as a contlnuous linear combination of

plane waves with different directions (cos ¢, sin ¢) weighted by g(p). Some interesting cases are the following.

e When g approximates a Dirac § function centred at ¢, then u approximates the plane wave with direction
d = (cos @y, sin ).

e When g is constant in a small interval of (0,27) and 0 otherwise, then u approximates a plane wave in a
strip of the plane and decays away from it. In some applications this is more realistic than a plane wave,
which has an infinite propagating front. You can see the plot of such a Herglotz function in Figure 6.

e When g is a circular harmonic g() = '“? we obtain a Fourier-Bessel function u(x) = (27i%).J,(kr)ei*?.

(Prove this fact using the Jacobi—Anger formula e'*<* > = %~ _ i*Jy(z)e!** and the L?(0, 2)-orthogonality
of circular harmonics.)

If uis a Herglotz function with kernel g, its translate @(x) = u(x + c) is also a Herglotz function with kernel

g((p) _ eik(c1 cos p+ca sin ga)g((p)
Plot with Matlab some Herglotz functions with different kernels.
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Herglotz function on (—1,1)2, k = 30, constant kernel supported on (0,0.524)

Real part Imaginary part Absolute value

Figure 6: The Herglotz function with kernel g(¢) = 1 if 0 < ¢ < % and 0 otherwise, on (—1,1)%. See
Remark 2.10.

Exercise 2.11: (PDEs for phase and amplitude). Let ¢, w be positive constants. Assume that the real-valued
phase function ¢ satisfies the non-linear “eikonal equation” |[V¢| = c¢~! and that the complex-valued amplitude
A satisfies the complex, ¢-dependent, diffusion—-transport—reaction equation AA+2iwVe¢-VA+ (iwA¢)A = 0.
This can be interpreted as saying that ¢ varies at constant speed and that A is advected in the direction of
variation of ¢ and it spreads. (Note that differently from Exercise 1.5 here we allow A to take complex values.)
e Prove that u(x) = A(x)e!“?®) solves the Helmholtz equation (with k = £).

e Show that some affine ¢ and any constant A satisfy these conditions and allow to construct plane waves.

e Show ¢(x) = |x| and A(x) = Hél)(k:|x|)e_”‘|x| satisfy the eikonal equation and the diffusion—transport—
reaction equation in R? \ {0}, respectively (with ¢ = 1 and k = w). (Use Bessel differential equation 15.)

Check numerically that A does not oscillate.

Careful: not all Helmholtz solutions can be written in this form; often u is a sum of terms u = 3~ Ajelwos,
each of them with well-defined phase and amplitude.

Exercise 2.12: (Helmholtz and Schrédinger equations). Let u be a Helmholtz solution defined on a domain
in the zy-plane. Fix a number kg > 0.

e Assume that u(z,y) = e*o¥y)(z,y), where the “envelope” 1 is a field that varies slowly in the variable ¥,

more precisely that |2271f| < |k%|. Show that v approximately satisfies the Schrédinger equation

e Now assume that w can be written in polar coordinates as u(r,6) = Hél)(kor)\ll(r, 0) where ¥ varies
slowly in the radial variable: |%ZT§’| < |k%—‘f|. Using the approximation (17) for kor > 1, show that ¥
approximately satisfies the Schrédinger equation with (r,8) in place of (z,y).

This equation is used to model waves propagating in directions close to a leading one (either the y direction
or the radial one). This regime is called “paraxial approximation”. We factored out the leading term (either a
plane or a circular wave), and showed that the if the remainder behaves smoothly in the dominant direction,
then we can approximate it with a PDE that is first-order in this variable (y or r).

This PDE is also called “parabolic wave equation” and has the same mathematical form of the linear
Schroedinger equation used in quantum mechanics, where the variable y is the time variable.

Exercise 2.13: (The Helmholtz Poynting vector). The Poynting vector S := R{E x H} (often defined
with a multiplicative constant) denotes the direction in which the energy of a time-harmonic electromagnetic
field (E, H) flows. Note the conjugation on H.

e Compute the Poynting vector of the plane wave in Exercise 2.3 (you first need to compute H).

e Show that the Poynting vector of a TE and a TM mode ((11) with E5 = 0 and Hs = 0, respectively) are

iw =~ ~ = |12\
Sep =0 L LVl + L (B[ - | B ).
ne — ween wp
iwe . wen 24
™ w2ep — n? Vst (n? — wep)? Ve
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Show that if n = 0 then Stg = %{iﬁgVﬁg} and Sty = %{ﬁﬁvﬁg} lie in the z1z2-plane.

Recalling that P~I3 and Eg are Helmholtz solutions in two dimensions, this suggests to define the Poynting
vector for a 2D Helmholtz solution u as

S =S(u) := S{%ﬂVu} = %{ - %uVﬂ} = %{%HVU}
Verify the following facts.
e If u is Helmholtz solution, its Poynting vector is solenoidal: V- S = 0.
e If u is a complex multiple of a real field, i.e. a standing wave, then S = 0.

e The Poynting vector of a propagating or evanescent plane wave identifies the propagation direction:
o—2kpx

S(e**d) = d and S(eknxe krx) = ¢ ———kp.

e For a field written in polar coordinates as u(x) = f(r)g(), we have Vu = f'gt + %fg’é, so that S =
TS{f Flgl’t + 11 f 29’50}

i 14 - ie0 pr(1) Cgm 1 2
. S( Telkr)) = 1 Tekr)P8, S(*CH,(hkr) = pTIH, (k)P0 + ok

This is consistent with the fact that smooth Fourier—Bessel functions rotate around the origin (anticlockwise
for £ > 0 and clockwise for £ < 0) and do not propagates radially, while Fourier—-Hankel functions rotate
and simultaneously propagate outwards.

Hint: use the Wronskian identity J;(2)Y{(z) — Yi(2)Jj(z) = 2 ([DLMF, eq. 10.5.E2]).
Compare the results with the animations on the webpage.

3 ANALYTICAL TOOLS

We introduce a few mathematical tools that will be useful in the following. Much more detail on the
content of this section can be found e.g. in the first part of [SBH19].

3.1 LIPSCHITZ DOMAINS

We say that an open set 2 C R? with bounded boundary is Lipschitz if (1) there is a finite family of
open sets {W;};=1, s that cover 9Q (i.e. 90 C UJ;_; ; Wj), (2) there is a family of rotated Lipschitz
hypographs {€;},=1,.. s (i.e. Q; = {(2], 2%) : 25 < f;(2})}, where (27, x5) is a system of rotated Cartesian
coordinates in R? and f; is a Lipschitz function), and (3) W; N Q = W,; N Q;.

Intuitively, for each x € 012, there is a neighbourhood where the boundary can be represented as the
graph of a Lipschitz function, and 2 lies only on one side of 9. Smooth domains and polygons are
Lipschitz. Domains with cusps (such as {0 < /T2 < x; < 1}) or cracks (such as {|x| < 1,25 # 0}) are
not allowed.

We also say that 2 is of class C"™, m = 0,1,..., 00, if the functions f; are of class C"™.

An important property of Lipschitz domains is that the unit normal vector field n is defined almost
everywhere on their boundary (a.e. with respect to the 1-dimensional measure). E.g. on a polygon the
unit normal is defined everywhere except that at corners.

3.2 FUNCTION SPACES ON LIPSCHITZ DOMAINS

To study boundary value problems we need some function spaces. Let €2 C R? be an open, Lipschitz set.
We denote by the space of the “test functions™ complex-valued C'*° functions defined on {2 whose
support is compactly contained in 2.

We denote by the usual Lebesgue space of complex-valued, square-integrable functions. This
is a Hilbert space with inner product (v,w)r2(q) = [, vwdx and norm ||v||2LQ(Q) = [, v[*dx. Since
we are dealing with complex-valued functions, the inner product is a sesquilinear form (with a complex
conjugation on the second entry) and the norm requires the use of the absolute value of the argument.


https://dlmf.nist.gov/10.5.E2
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Definition 3.1: (H'(Q) and H{(€)). The Sobolev space m is space of complex-valued L?(Q2)

functions, whose first (distributional) partial derivatives are in L?(Q). It is provided with the following
seminorm, norm, and inner product:

2 2 2
v [0l = V15 @) T 10ll720) >
2

2 2
v = ||Vv =
Flie = 19000 = g | oy

8%‘1

v Ow v Ow o
e = (577 ) o (G gy 00 = [ (0 90 v

The space | H3 () | is the subspace of H!(2) of the elements that can be approximated in H'(2) norm by
a sequence of elements of ().

Remark 3.2: (Distributional derivatives). When we say that a partial derivative “in the sense of distributions”
22 of an L(92) function is in L?(£2), we mean that there is a function w € L?(2) such that [, vg—;’; =— [qwep
for all v e 2(0).

6 We define also the subspace of H'(Q) of the functions with square-integrable (distributional) Lapla-

cian: — {ve H'(Q): Ave LX)},

Finally, we say that u € | Hj () | if the restriction of u to any bounded open subset D of  belongs
to H'(D), [Sayas06, p. 12|. If € is bounded, then H} () = H'(£2), while if Q is unbounded then the

“local space” H () includes functions that do not decay at infinity. For instance, all plane and circular
waves belong to HL _(Q)\ H!(Q) if Q is the complement of a bounded set (which must contain the origin,

if the circular waves are the singular ones). We haven’t defined a norm on H{ _(Q), so this is not a Hilbert

space; on the other hand the H'(D) norms are seminorms on H} _(Q). Similarly, u € | H (Q; A) | if the

restriction of u to any bounded open subset D of Q belongs to H(D; A).
The elements of H'(f2) are in general not continuous, so their point evaluation is not well-defined.
However we will see that their values on the boundary of 2, or any other Lipschitz curve, are well-defined.

3.3 SPACES ON BOUNDARIES

3.3.1 THE CIRCLE

We will need spaces of functions defined on boundary of Lipschitz sets with regularity weaker than H*
and stronger than L2. How to define functions with “half derivative”?
Let S' = {x € R? ||x|| = 1} be the unit circle. For a function v defined on S' we write v(¢), with

6 € [0, 27], for its value in polar coordinates. We say that v € L*(S!) if Hv||2Lg(Sl) = f027r [v]?df < oo and
ve HYS!) if ||v||H1 s = Jo (|v|2 +]v|?) df < oo, where v’ is the derivative in the angular coordinate.

The expansion of v in circular harmonics is v(0) = >, 0ee'? for a sequence of coefficients 9, € C,
which can be computed as 9y = 5 fo% v(0)e % dh. We can compute the L?(S') scalar product and the
L?(S')/H'(S') norms using this expansion, exploiting the orthogonality fo% ee=10 49 = 276y and

the derivation formula %eiw = ileit?;

2
(U, w)L2(S1) = / (9) 9 do = / Z Ugelw Z w[/ele 9d0 = 2n Z Wwfa (18)
0

LEL R/ LEL

27 27
ol 1y = /0 g =2r Y [oel®, ol = /0 (Jo* + [v'*)dO = 27y [oe]*(1 + €3).

LEZ LET

(Write down the intermediate computations.) Thus, a function defined on the circle is in L?(S!) if the
sequence of its Fourier coefficients is an element of the sequence space I2(Z) = {(a¢),¢ € Z, ||(a)| > =
> ez lael? < oo}, and in H'(S') if its Fourier coefficients weighted with (1 4 ¢2)}/? are in {*(Z). This
means that the Fourier coefficients of functions in H*(S') must decay faster for £ — oo (faster than |¢|~3/2)
than those of the general function of L?(S!) (for which a decay slightly faster than |¢|~'/2 is enough).

6The two terms in the definition of the H'(2) norm and inner product are not dimensionally homogeneous, so when dealing
with Helmholtz problems we often weigh the norm with the wavenumber k£ > 0 as ||U||?{1<Q) = |v|fq1(m + k2 HvHiz(Q).
k
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This suggests a way to define Sobolev spaces with other regularities:

||UH?LIS(51) = 2772 |0e|?(1 + £%)%, H5(SY |:= {1}(9) = Z@gem vl ey < oo} Vs e R. (19)
LEL LeL

For s = 0 and s = 1 we recover H°(S!) = L?(S') and H'(S') as defined above. High-order Fourier
coeflicients correspond to rapidly oscillating components: imposing that they decay faster in £ is the same
as imposing some regularity on v. So the higher s the smoother are the elements of H*(S'): for any
real s_ < sy, H**(S') c H* (S') and vl grs- g1y < vl o+ 1y~ If s > 1/2, the elements of H*(S') are
continuous functions, if s > 0 they are L2?(S!) classes of equivalence, for s < 0 they can only be understood
as distributions.

Exercise 3.3: (Dense embeddings). Show that for all s_ < s, the space H*+(S!) is a dense subspace of
H*-(S'). This means that for all v € H*~(S') and ¢ > 0 there is w € H**+(S") with [[v — wl| s~ 1) < €.
Show also that H+(St) # H*-(S!).

Hint: look for a common subspace of all H*(S!) that is dense in each of them.

Exercise 3.4: (Special elements of H*(S!)).

1 0<f<m,

0 m<6<2m Show that x € H*(S") if and only if s < 3.

e Compute the Fourier series of x(0) = {
e Can you find a v e Hz(S')\ CO(S!)?
e Show that a delta function dy,, 0, € [0,27], belongs to H*(S') if and only if s < —1.

Exercise 3.5: (Random Sobolev functions on boundaries). We want to visualise how the decay of the
Fourier coefficients ¢, affects the regularity of v(0) = >_,., 0ee*?. To this purpose, generate and plot a
function v on S' with random Fourier coefficients that decay in such a way that v € H*=<(S') \ H*(S!). Of
course you need to truncate the series after a finite number of terms. Observe the behaviour of v for different
values of s.

3.3.2 GENERAL BOUNDARIES

Given a Lipschitz bounded domain €, if there is a bi-Lipschitz map ® : By = {|x| < 1} — Q that
maps St in 99, we can define the space | H*(99) | as the space of functions v defined on 92 whose

pullback v*(x) = v(®(x)) is an element of H*(S'). For —1 < s < 1 this gives a well-defined space
H*(99) independently of the choice of ®. Different maps ® give equivalent norms. The space H'(99)
is precisely the space of L%(9Q) functions whose tangential first derivative V7o is in L?(99); moreover
v ([oo([0]? + [V7o|?) ds)'/? is an equivalent norm on H*(9S2).

If we do not have such a map ¢, H*(99) (for —1 < s < 1) can be defined in a slightly more complicated
way, using the cover of 02 from the definition of a Lipschitz set and a so-called “partition of unity”.

Several other definitions of the spaces H*(0f) exist and can be found in the literature. The norms
obtained with different definitions are equivalent (for —1 < s < 1) but not necessarily equal.

In most of these notes we will use H*(99Q) only for s = +1/2: H2 (8Q) C L2(0Q) C H~2(99Q).

3.3.3 DUALITY PRODUCT

An important property of these spaces is that H~*(92) can be identified to the anti-dual space of H*(),
i.e. the space of anti-linear continuous functionals on H*(9f2). Let us look at what this means in the case
of St. If v,w € L?(S'), we have seen in (18) that we can write their scalar product as the scalar product of
the Fourier coefficients in the sequence space [?(Z) (times 27). We want to use the same [?(Z) product of
Fourier coefficients also when either v or w is not in L?(S'). The Fourier coefficients of this function decay
slowly, thus for the series in (18) to be finite we need the other function (w or v) to have fast-converging
Fourier coefficients, i.e. to be smoother. We define the duality product

<U, w>§1 = < Zﬁgeiw, Z @geiw> L =27 Z ’lA}e’uATz
ez €z ¢ =
whenever the sum is bounded. If v € H*(S!) and w € H—*(S') for some s € R then this series is bounded:
by the Cauchy—Schwarz inequality in 1?(Z),

(v, w)e ] < 20 S+ ) gl (14 ) 2fide] < [0l g oy Il gy ey -
LEZ
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Moreover, if v,w € L?(S'), then the duality product coincides with the L? inner product: (v,w)s =
Jsi v(0)w(0) d6.

Similarly, it is possible to define a duality product (-,-)sq on 0f, i.e. a sesquilinear form acting on
Sobolev functions defined on 02 such that

(v, whaa| < C ||| Yo € H?(09), w € H™2(99), and

H7 (09) ”wHH’%(aQ)

(v, Wyaa = / vw ds, if w € L?(09).
o0

Because of this, we sometimes abuse the notation and write the duality product simply as faQ vw ds,

even when one of the two distributions is not in L? and the product is not strictly speaking an inte-
1 1

gral. We write (v, w)sq also when v € H=2(9Q) and w € Hz(99). To be more clear we might write

(v, w) and (v, w) ) depending on the regularity of the arguments.

HZ (0Q)x H™ % (89) H™2 (0Q)x H? (99

Exercise 3.6: (Dual norms). Let the domain €2 admit a bi-Lipschitz map ® : By — (2 as above. For each v, w

defined on 99 let v*, w* be their pullbacks on S and define [Vl grsry = 10" || s g1y and (v, w)r = (v*, wW*)s1.

[{v,w)r|

Show that ”vHHS(F) = SUPo#weH-=(I) llwll g —s )

Hint: show it first for T' = St.
3.3.4 TRACE OPERATORS

These spaces are closely related to trace operators. Given a smooth function v € C'(Q), we define its
Dirichlet and Neumann traces, respectively, as

‘vv = v|sq, Onv ::n-v(VU)‘

where n is the outward-pointing unit normal vector field on 9Q (which is defined almost everywhere if
the domain is Lipschitz, by Rademacher theorem). Can we define these traces for more general functions,
such as elements of Sobolev spaces?

Theorem 3.7: (Trace theorem). The Dirichlet trace v can be extended to a surjective continuous operator
mapping v : H*(Q) — Hz(99Q). The kernel of v is H}(Q).
The Neumann trace 0y, can be extended to a surjective continuous operator 9y, : H(Q; A) — H~z (99).

This theorem says that the spaces H 2 (0Q) and H —3 (09) are precisely the spaces of the Dirichlet and
the Neumann traces of H(2) and H'(Q; A) functions, respectively. See [Spencel4, p. 6] for more details.
The trace operators are local, i.e. yv and J,v depend only on the value of v in an arbitrary small
neighbourhood of 9. Thus, if  is unbounded (but 99 is still bounded), in the trace theorem we can

substitute H'(2) and H(Q; A) with HL_(Q) and HL_(Q; A), respectively.

loc

Exercise 3.8: (Equivalent norms on boundaries). Prove that the following are equivalent norms on
H*2(5Q):

29) = inf{HUHHl(Q) U = u}, ||U||H;%(m) = inf{”UHHl(Q;A) :OnU = u}.

Hint: use that all continuous linear surjective operators between Hilbert spaces admit continuous right inverses
[SBH19, Lemma 4.1].

3.4 GREEN’S IDENTITIES

The divergence theorem says that for any F € C*(Q2)? we have fQ divFdx = [, oo F -nds, where n is
the outward pointing unit normal vector field on 9§2. The product rule for the divergence is divjwG] =
Vw - G +wdiv G. The combination of these two ingredients gives Green’s first and second identity
for the Helmholtz equation: for u,w € C?(Q), k € R

/ (Au + k*u)w dx = Onu ywds + / (K*uw — Vu - Vw) dx, (20)
Q

o0 Q

-/Q ((Au + E2u)w — u(Aw + ka)) dx = /m(anu YW — yu Opw) ds. (21)
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Exercise 3.9: (Complete proof). Write in detail the proof of (20)—(21) for u,v € C?(9Q).

Do these identities hold for Sobolev functions?

Proposition 3.10: (Green’s identities in Sobolev spaces). If ) is a bounded Lipschitz domain, Green's
first identity (20) holds for v € HY(;A) e w € HY()). Green's second identity (21) holds for u,v €
HY(Q; A).

The boundary integrals must be understood as the duality products (Onu, 7W)aq and (yu, 0nW)aq.

Green’s identities are the main tools in the derivation of boundary integral equations. This is the
1

reason why the Sobolev spaces we need are H'(Q), H!(Q; A) and their trace spaces H*2 (952).

3.5 VARIATIONAL PROBLEMS, FREDHOLM THEORY, GARDING INEQUALITY

As we do for Laplace equation, we typically write Helmholtz problems in variational form. The abstract
linear variational problem in the (complex) Hilbert space H is

find we H such that A(u,w) = F(w) Yw e H, (22)

where A is a sesquilinear form in H and F is a anti-linear functional in H. We recall that an anti-linear
functional satisfies F(A\v + pw) = AF(v) 4+ aF(w) for all A, € C and v,w € H. A sesquilinear form is
linear in the first argument and anti-linear in the second one.

Given a variational problem such as (22), the (conforming) Galerkin method consists of choosing
an N-dimensional subspace Vy C H and a basis ¢1,...,¢n, and of looking for a solution of the problem
restricted to Vi:

find uny € Vi such that A(uy,wy) = F(wn) Ywy € V. (23)

This is achieved computationally by solving the N x N linear algebraic system AU = F where A4, ,, :=
Alpms¢5), Fy = F(p;) and uy = 331, Usp;.

Given a continuous sesquilinear form A, we can associate a linear bounded operator A : H — H*
by (Au)(w) = (Au,w)g«xg = A(u,w) for all u,w € H, where H* is the anti-dual of H, [Spencel4,
Lemma 5.4]. The operator A admits a continuous inverse if and only if, for all 7 € H*, the variational
problem (22) is well-posed.

In the case of Laplace equation, the crucial result from functional analysis is Lax—Milgram theorem:
if A is continuous (|A(u,w)| < Ca|ully ||w|y Yu,w € H) and coercive” (R{A(w,w)} > va ||wH12LI
Vw € H), and F is continuous (|F(w)| < Cr ||w| ; Yw € H), then the corresponding variational problem
is well-posed. Moreover, several good properties of all Galerkin discretisations follow (well-posedness,
stability bounds, quasi-optimality, bounds on the number of linear solver iterations, ... ).

Unfortunately, for most variational formulations of the Helmholtz equation coercivity does not hold,
so we cannot rely on Lax—Milgram. The branch of functional analysis that we need is called “Fredholm
theory” and studies compact perturbations of operators. We recall the definitions of two classes of bounded
linear operators between Hilbert (or Banach) spaces; see e.g. [Sayas06, p. 21].

Definition 3.11: (Compact and Fredholm operators). A linear operator K : H; — Hs is compact if
the image of a bounded sequence admits a converging subsequence ((v;)jen C Hu, ||vjll; < CVjeN=
jm — 00, w € Hy such that Kvj  — w).

A bounded linear operator is a Fredholm operator if it is sum of an invertible one and a compact one (more
precisely, we should say it is a Fredholm operator of index 0).

8 We can think at Fredholm operators as “small” perturbations of invertible operators. The main
result is the “Fredholm alternative”, which, in its simplest form, reads as follows; [Brezis11l, Thm. 6.6(d)],
[SBH19, §8.1, 8.6].

"Here terminology can be confusing. Coercivity is sometimes called “sign-definiteness”, “V-ellipticity”, “strong ellipticity”,

or “strict coercivity”, see [Spencel4, §5.2]. In some of these cases, the word “coercive” is used for sesquilinear forms satisfying
a Garding inequality, which is a weaker condition. Here we follow the convention of [Spencel4].

8Well, this is not exactly the definition you find in functional analysis textbooks. E.g. [Brezisl1, p. 168] defines T : Hy; —
Hs (continuous operator between Hilbert spaces, for simplicity) as “Fredholm with index Ind(T)” if dim(ker T'), dim(ImT)+ <
oo and Ind(7T') := dim(ker T') — dim(ImT’)*. Let us check that this definition, with index 0, is equivalent to ours.

An invertible operator is Fredholm with index 0; then by [Brezisll, p. 169, x1(c)] any operator in the form invert-
ible4+compact as in Definition 3.11 is Fredholm with index 0.

Conversely, assume that T : Hy = (ker T® (ker T)+) — Hz = (ImT @® (ImT)1) is Fredholm with index 0. Let {¢1,...,¢n}
be an orthonormal basis of ker T" and {+1,...,%n} be an orthonormal basis of (ImT)+ (which are both finite-dimensional
and have the same dimension). Define K : Hy — Hz as K¢; = 1; and Kv =0 Vv € (ker T)~; this operator has finite rank,
so it is compact. Then L = T + K is an invertible operator and T'= L — K is in the form invertible+compact, as desired.

To verify that an operator is Fredholm we will always use Definition 3.11.
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Theorem 3.12: (Fredholm alternative). Let T': H; — H; be a Fredholm operator.
T is injective if and only if it is surjective. In this case its inverse T~ is bounded.

This theorem has this name because it states that when we have a Fredholm operator T' then only
two “alternatives” are possible: either T is injective and surjective, or is neither injective nor surjective.
Fredholm alternative says that if we want to prove that a Fredholm operator is invertible, then it suffices
to prove its injectivity. A useful idea to keep in mind is that, under this respect, Fredholm operators
behave like square matrices.”

How do we use Fredholm alternative? The general strategy is the following. We will show that some
linear operator 7" mapping “problem solution” to “problem data” are Fredholm. When we can show that
the homogeneous problem (with data equal to 0) only admits the trivial solution (i.e. T is injective),
Fredholm alternative guarantees that all data admit a solution (i.e. T is surjective), which is unique
by injectivity, and that the solution is controlled by the data (i.e. T~! is bounded). A linear problem
whose “solution-to-data’ operator is Fredholm is well-posed if the same operator is injective.

Typically, in time-harmonic problems, sesquilinear forms are not coercive but satisfy a weaker inequal-
ity, called Garding inequality.

Definition 3.13: (Géarding inequality). Let  C V be two Hilbert spaces provided with the norms ||-||
and [|-||y,, and let the embedding H — V' be continuous. A sesquilinear form satisfies a Garding inequality
if there exists two positive constants o and Cy such that

R{A@v)} = allol? - Cy o2 Vv H. (24)

10 Here we follow the notation of [Spencel4, §5.3], where the letters H and V are swapped with respect
to the classical choice for Hilbert triples (as in [Brezisll, p. 136]).
The main use of Garding inequality comes from the next result, see [Spencel4, Theorem 5.20].

Proposition 3.14: (Garding = Fredholm). Assume that H and V are as in Definition 3.13, the embedding
H < V is compact and the continuous sesquilinear form A(-, -) satisfies the Garding inequality (24).
Then the operator A : H — H* associated to A(-,-) is Fredholm.

Proof. Let i : H — V be the (compact) inclusion map, and T : V' — H* defined by (Tv,w)g«xng =
(v,iw)y, for v € V and w € H, where (-,-)y is the scalar product in V. Then, by Cauchy-Schwarz

|<T1’7w>H*><H| < ”UHvH‘wHV
[Tvw) pexnl o lolly lliwlly
Twll = SUWPwer ol

B:=A+CyToi:H — H* where Cy > 0 is the value in (24). Since T o4 is compact, in order to prove
that A is Fredholm, it is enough to see that B is invertible. Then the sesquilinear form

in V, T is continuous: ||T||;. = sup,ecp < |lvlly Il gy /- Define

B(u,w) := (Bu,w)g+xu = (Au, w)g+x g + Cv (T o iu, w) g+ x g = A(u, w) + Cy (iu, iw)y, u,w € H,

is continuous and coercive in H, which, by Lax—Milgram, implies that B is invertible. (Actually we have
proved something stronger, that A is sum of a compact operator and a coercive one.) O

Proposition 3.14 and Theorem 3.12 imply that, in order to prove well-posedness of a variational problem
(22) whose sesquilinear form A(:,-) satisfies a Garding inequality, it suffices to study the homogeneous
problem (with F = 0):

Corollary 3.15: (Well-posedness from Géarding). Assume that:

e H C V are Hilbert spaces and the embedding H < V is compact,

e the sesquilinear form A(-,-) is continuous in H and satisfies the Garding inequality (24),

e the homogeneous variational problem, A(ug,w) = 0 for all w € H, admits only the trivial solution ug = 0.
Then also the inhomogeneous problem (22) is well-posed, for any F € H*.

9Indeed, an invertible linear operator between finite-dimensional spaces corresponds to a square matrix. All finite-range
operators are compact because all bounded sequences of R™ and C™ admit converging subsequences. Thus the operators
between finite-dimensional spaces that are Fredholm are precisely those associated to square matrices. We know from linear
algebra that a square matrix is injective if and only if it is surjective. This proves the Fredholm alternative in the case of
operators between finite-dimensional spaces.

(In this C™* — C™ case, Fredholm operators are compact, but in infinite dimensions a Fredholm operator is not compact.)

10We could take a more general definition using the inequality R{cA(v,v)} > « H'UH?_I - Cy ||v||%/ for some 0 # o € C
(the same o for all v). Then all consequences of the Garding inequality would follow precisely in the same way. However all
variational problems with A(-,-) that satisfy this inequality can be reduced to equivalent problems satisfying (24) simply by
multiplying the sesquilinear form and the linear functional by o.
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To be able to exploit Corollary 3.15, we need to know when the embedding between two function
spaces is compact. A classical result, called Rellich embedding theorem, says that H'(Q) — L?(Q) is
compact, when  is a bounded Lipschitz domain!!. Similarly, one can show that H*+(9Q) < H*-(99)
is compact for all s; > s_, [Néd01, Theorem 2.5.7].

Exercise 3.16: (Compactness of Sobolev embeddings). Let s_ < s, be real numbers. Show the com-
pactness of Sobolev embedding i : H*+(S!) — H®-(S'), in the simple case of the boundary of the unit
circle.
The key tool to use is [Brezisll, Cor. 6.2]: given a linear operator T : Hy — Hy and T; : Hy — H,
finite-rank operators (i.e. with finite-dimensional image) for j € N, if || T — T} ||, _, 5, — 0 then T" is compact.
Construct a sequence of finite-rank “truncated embedding” operators iy, : H5+(S!) — H*-(S!) for L € N,

such that
1

. . 2
e =il res 1)y mro-(s1) < (L4 L2)s+—s-"

Exercise 3.17: (Compact and Fredholm operators in sequence spaces). Let [ be the Hilbert space of
squared-summable complex sequences = = () en, x; € C, equipped with ||a:||l22 = jen |z;]2.

e Define the right and left complex shift operators R, L : [* — [? as (Rz); = 0, (Rx);+1 = x; and
(Lz); = x;41 for j € N. Show that R and L are neither Fredholm nor compact.

Are the composition LR and RL either Fredholm or compact? Which of L, R, LR, RL is invertible?

e Show that for any J € N the truncation operator Ty : [* — [* defined by (Tyz); = z; if j < J and
(Tyz); =0if j > J is compact.

e Show that the operator T' : [? — [? defined by Tz = (3,0, —x3,2x4,2x5,...,(T2); = 2xj,...) is
Fredholm.

An extensive description of the relations between variational problems satisfying Lax—Milgram assump-
tions, Garding inequality or the inf-sup inequality, and the consequences for the Galerkin method, can be
found in [Spenceld, §5.3].

4 BOUNDARY VALUE PROBLEMS FOR THE HELMHOLTZ EQUATION

4.1 PLANE WAVES REFLECTED BY A STRAIGHT LINE

To understand what happens when a wave hits an impenetrable obstacle we start with
a very simple case that can be solved analytically. Let u™¢(x) = e'**'d be a plane wave
with |[d| =1, d; > 0 and d2 < 0 (i.e. propagating rightward and downward in the plane,
). This is called the “incoming field”, or “incident field”. Assume that we truncate
the domain of propagation to the upper half plane QT = {x5 > 0} and on the horizontal Y
line I' = {x3 = 0} we impose some boundary conditions that reflect the impinging wave. I‘\J /
We call u5¢ the reflected wave, i.e. the “scattered field”, and uT°t = y!r¢ 4 yScat the ﬁ
“total field”. u™" is the physical field we would measure in a point of the half plane. n
Given u'°, which is a datum, we now want to find v that satisfies the Helmholtz equation in the
upper half plane, and satisfies some desired homogeneous boundary conditions on I". This is the same as
saying that we want ©5° that satisfies the Helmholtz equation in the same region, and satisfies boundary
conditions that depend on u™ on I
By the law of reflection, we expect u5°® to propagate upwards and to make with the horizontal line
I the same angle as u™¢, . This means that u5° is a plane wave with direction d = (d;, —dy):
uS(x) = Aelhdx = Aeik(@idi—22d2) for some reflection coefficient A € C that gives the amplitude and
the phase of ©5° itself. The coefficient A depends on the particular type of boundary condition chosen.

e When the line I' is sound-soft, the Dirichlet trace of the total field «™* vanishes on I':
0 = u™(z1,0) = u™(x1,0) + u5 (21, 0) = 11 1 Aelkerdy Vz; € R = A=-1

e When the line I is sound-hard, the Neumann trace of the total field »T°

vanishes on I':

0= LUTOt (21,0) = 9 (ulnc(xl 0) +u5 (2 0)) = ikdae!* ™1 — Aikdye*™ 1B Vi e R = A=1.
8132 8.132 ’ ’

1See e.g. [Brezisll, Thm. 9.16] and [SBH19, Prop. 7.5] for a more general version.

, i.e. its normal derivative,
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e To impose the impedance boundary condition 8?;“ — ikYuTet = 0 with ¥ > 0, we recall that n is the
outward-pointing unit normal vector on I" so n = (0, —1). In this case we have

0 Tot ) Tot .
0= gn —ikduTet = — g — ikYuTot = <ikd2(—1 + A) —ikd(1 + A))elkhdl.
Z2

This vanishes for do(—1+ A) =9(1 + A), ie. A= gi—fg.

Summarising, the fields are

I ik (21 dy+2od

u(x) = elkEr1ditaada) -1 for sound-soft T,
uSCat(X) — Aeik(wldlfIde)’ with A= 1 for sound-hard F7
WTo (x) = (R tada) | gk —wady) gg—fg € (—1,1) for impedance I'.

The plane waves reflected by sound-soft or sound-hard interfaces have the same amplitude of the incoming
plane waves and either opposite (sound-soft) or the same (sound-hard) phase. On the other hand, since
|A] < 1, the waves reflected by an impedance line have amplitude smaller than the incoming wave:
the impedance boundary absorbs some of the wave energy. The amount of wave that is reflected and
the amount that is absorbed depend on the direction of the incoming wave; in particular, if ¢ < 1
the impedance boundary does not reflect (but absorbs completely) the impinging waves propagating in
direction d = (v/1 — 92, —¢). An impedance boundary with 4 = 1 does not reflect the waves hitting
perpendicularly.

For ¥ — 0 the impedance boundary condition converges to the sound-hard one, and consistently
A — 1; for ¥ — oo it converges to the sound-soft boundary condition and A — —1.

Here we have considered a wave with infinite front hitting an infinite obstacle: clearly this is not a
very realistic problem, but it helps to get an intuition of what happens when a wave hits an impenetrable
obstacle.

Remark 4.1: (On unbounded domains: PDE + BCs /4 BVP). When we solve a well-posed boundary
value problem the solution is typically determined by the PDE and by the boundary conditions. Here we

have used something more. Let us look for example at the sound-soft case. Given u!™, any combination
uSeat(x) = —Nelk(@rditazdz) (1 )\)eik(@1di—72d2) gatisfies the Helmholtz equation and the boundary condition
u3® = —u"® on T'. We have chosen the case A = 0 because from the law of reflection we expect the scattered

field to propagate upwards. We will see that in all problems posed on unbounded domains we need to select
the waves propagating in the desired direction, and that this is equivalent to imposing conditions “at infinity".

Remark 4.2: (General wave reflected by a straight line). The same reasoning made above shows that
if u"® is any wave propagating downwards, then the reflected wave u¥?(x) = —u™(z;, —x3) propagates
upwards and u™¢ +u35 vanishes on I'. So u It = um¢ + 554t is the total field in the presence of a sound-soft
line.

You can see the reflection of the Herglotz function u™¢(x) = f__:/f
horizontal line in Figure 7 and in the animation on the course webpage.

Similarly, u3¢*(x) = u!™(z1, —x2) propagates upwards and -2 (u!® + u*") vanishes on T', so u}t =
u'™® 4 3¢t is the reflection of any downward u!™® by a sound-hard line.

For an impedance line T', the argument is slightly more complicated: since the reflection coefficient A
depends on the direction of the incoming wave, to compute 45" we need to be able to decompose u™° in
plane waves with different directions and reflect each one of them with its own coefficient. This is possible if

u'™® is a Herglotz function with kernel supported in the lower half of the unit circle (g() = 0 for 0 < ¢ < 7).

elf (@1 cos pta2sing) 4o, by a sound-soft

Exercise 4.3: (Neumann reflection of Herglotz function). Plot the total field when the incoming field is
the same Herglotz function as in Figure 7 and in Remark 4.2, but the horizontal line I" acts as a Neumann
boundary. Start from the Matlab file provided.

Repeat the same for an impedance boundary.

Exercise 4.4: (Neumann traces on sound-soft boundaries and vice versa). For the problem of a plane

wave u™¢ impinging on T’ = {xzo = 0} as described above, show that, Vz € R,

e if I' is a sound-soft boundary then 9,u5* (,0) = Opu'™¢(x,0) and dpu™t(z,0) = 20,u'™¢(x,0);
e if T'is a sound-hard boundary then uS¢®(x,0) = u™™(z,0) and u™*(z,0) = 2u™°(z,0);

e if T is an impedance boundary then (9, — ikd)uS = (0, — ikd)u™® for ¥ = (df9)2.
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Reflection of Herglotz function with constant kernel supported on (-1.05,-0.524), on sound-soft (z, = 0), on (—1,1)x(0,2), k = 30

Real part Imaginary part Absolute value

0.8
0.6
0.4
0.2

Figure 7: Reflection of the Herglotz function with kernel g(¢) = x(—= —=)(¢) by the sound-soft line
{z2 = 0}. See Remark 4.2.

Exercise 4.5: (Reflection of vector plane waves). Consider a vector plane wave Ae*d* that is solution
of Maxwell's equations (10) as in Exercise 2.3. Compute the plane wave reflected by the horizontal plane
{x € R3,z3 = 0} equipped with PEC boundary conditions E x n = 0. Recall that the amplitude of the
reflected wave must be orthogonal to its propagation direction.

The reflection of elastic waves is more complicated: an impinging pressure (or shear) wave generates a
reflected waves that is sum of a pressure and a shear wave. This phenomenon is called “mode conversion” and
is due to the boundary conditions, which involve all three Cartesian components of the fields.

4.2 BOUNDARY VALUE PROBLEMS IN BOUNDED DOMAINS

Let © C R? be a bounded, open, Lipschitz set. The Dirichlet BVP for the Helmholtz equation is: given a
source term f defined in 2 and a boundary datum gp defined on 0 find u on 2 such that

Au+ku=—f inQ, Yyu =g¢gp on O (25)

We know that the Dirichlet problem for the Poisson equation (problem (25) with k = 0) is well-posed
when the data f,gp are sufficiently smooth. Despite the Helmholtz equation looks like an innocuous
low-order perturbation of the Laplace equation, well-posedness of the Helmholtz Dirichlet problem is not
guaranteed.

We start from a simple example. Let ) be the rectangle (0,L;) X (0,Ly). Then for all j;,j, € N

the field uj1 ga(x ) = sin(%xl)sin(%:cg) vanishes on 9Q and is solution of Au + k3 ; u = 0 with

k2 i, = I 1” + 227 So there are infinitely many values of & such that the homogeneous (f = 0 and

gp = 0) Helmholtz Dirichlet BVP admits non-trivial solutions. It follows that for these values of k the
problem (25) is not well-posed: if there is a solution then it cannot be unique.

Solutions of the homogeneous Helmholtz Dirichlet problem are called Dirichlet eigenfunctions of
the Laplacian with eigenvalue A = k2, as they satisfy the eigenproblem —Au = Au, yu = 0.

As a second example, if Q = Bp, is the disc of radius R, then the circular waves Jy(kr)et? are Dirichlet
eigenfunctions for A = k% and k such that kR is a zero of the /th Bessel function .J; (recall the plots in
the left panel of Figure 4 and the top panel of Figure 5: each J; has infinitely many zeros).

In other domains we find the same situation as in the two examples described, even if we cannot
compute eigenvalues and eigenfunctions explicitly; see [SBH19, §9] for the spectral theory of elliptic
operators.

To understand the problem in more general bounded Lipschitz domains, we study the problem from

a variational point of view. From Green’s first identity (20), the variational problem for the Helmholtz
Dirichlet BVP (25) with homogeneous boundary conditions gp = 0 is

find u € H}(Q) such that A(u,w) := /(Vu~VE— k*uw) dx = / fwdx =: F(w) VYw € H(Q). (26)
Q Q

The sesquilinear form A(+, ) and the linear functional F(-) are continuous in H¢(£2). On the other hand,
A(-,-) is not coercive (for k sufficiently large), as the two terms (VuVw and —k?uiw) have opposite signs,
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see Exercise 4.8 or [Spencel4, Lemma 6.2]. However, it satisfies a Garding inequality (24) with o = 1 and
Cy = k% +1:

R{A(w, w)} = A@w,w) = [l ) — R+ 1) [wlbag, Ve H(Q).

Proposition 3.14, together with the compactness of H{(2) in L?(Q), gives that the operator A : H}(Q) —
(HY(Q)*,| A :urs f, is Fredholm ‘.12 Corollary 3.15 of Fredholm alternative then implies that, given
and k, only two situations can happen:

e If O and k are such that the homogeneous (f = 0) problem (26) admits only the trivial solution u = 0,
then also problem (26) with any f € L?(2) (or more generally F € (H{(£2))*) admits a unique solution.

e On the other hand, if there is a u # 0 such that A(u,w) = 0 Vw € H{ (), then the problem (26) is
not well-posed for any f. It might have no solutions for some f, and many solutions for some other f.

We have proved part of the following proposition. To prove the remaining part (the existence, discrete-
ness and divergence at infinity of the eigenvalues), one needs the spectral theory of self-adjoint compact
operators, see e.g. [Brezisll, §6]. To treat inhomogeneous Dirichlet boundary conditions gp # 0, one uses
a “lifting”, i.e. a up € H'(Q) such that yup = gp (which exists because of the surjectivity of the trace
operator), and then solves for ug = u —up € Hg ().

Proposition 4.6: (Well-posedness of the Helmholtz—Dirichlet BVP). For a Lipschitz bounded domain
(2, there exist a sequence of positive numbers ki < kg < ..., with k; — oo, such that:

e If kK =Fk; for some j, then the Dirichlet problem (25) is not well-posed.
In particular, the homogeneous case with f = 0 and gp = 0 admits non-trivial solutions.

e If 0 < k # k; for all j, then the Dirichlet problem (25) is well-posed in H}(2) for all f € L*(2) and
gp € Hz(8Q).

The smallest of the values k; equals the inverse of the Poincaré constant of 2: the smallest value Cp
such that [lul| ;2 < Cp[[Vull 2 for all u € HY(Q) is Cp = 1/k; (this is an easy consequence of the
existence of an orthogonal basis of HJ(2) made of eigenfunctions).

Exercise 4.7: (Helmholtz—Neumann BVP).

e What are the eigenvalues and the eigenfunctions for the Laplacian with Neumann boundary conditions
Onu = 0 on the rectangle and on the disc?

e Show that the positive Neumann eigenvalues for a rectangle coincide with the Dirichlet eigenvalues but the
eigenfunctions differ. (On the contrary, using subtle properties of the Bessel functions it is possible to see
that there are no Neumann eigenvalues of the disc that are also Dirichlet eigenvalues.)

e Write the variational formulation of the Helmholtz—Neumann BVP with inhomogeneous conditions d,u =
gy € H™2(89): the sesquilinear form coincides with that in (26) but the linear functional and the function
space differ.

Exercise 4.8: (No coercivity for k > k1). Let uy, us be Dirichlet eigenfunctions in Q, associated to different
eigenvalues kf and k3 and normalised as [luill 2y = [[uallp2q) = 1. Let ki < k < ko, and define w =

up £ % ug. Show that A(w,w) = 0.
V B=k
Deduce that A(-,-) is not coercive for all k2 larger than the first Dirichlet eigenvalue.

Hint: recall (or prove) that eigenfunctions associated to different eigenvalues are orthogonal both in L2(£2)
and in H'(£2) norms.

Exercise 4.9: (Absorption gives well-posedness.). Show that the Dirichlet and the Neumann problems

Au+ku=—f inQ, yu=0 ondf, or

121f A is Fredholm, what are the invertible and the compact operators that sum to A : H} () — (H}(Q))*?

We can split the sesquilinear form as A(u,w) = Ao(u, w) + K(u,w) with Ag(u,w) := [ Vu - Vwdx and K(u,w) :=
(—k?) fq uw dx. Then Ag(-,-) is the sesquilinear form associated to the (well-posed) Laplace-Dirichlet BVP in H} (), so it
is continuous and coercive (by Poincaré inequality), thus the operator Ag associated, i.e. (Agu, w>(H(1) () x HY (9) = Ao (u, w),
is invertible. This operator is simply the Laplacian Ag = —A : H}(Q) — (H3(Q))*. The operator K : H}(Q) — (H}(Q))*
associated to the second sesquilinear form, i.e. (Ku, w>(Hé () xHY (@) = K(u,w), is —k? times the embedding of H{ () in
(H(2))*, which is a compact operator (the dual is a space larger than L%(Q)).

The trick, hidden in Proposition 3.14, to decompose the Helmholtz “solution-to-data” operator A is to write the analogous
operator for the Laplace equation (Ag, invertible) and to verify that the remainder (K = A — Ap) is compact as it comes
from the lower-order term in the PDE. We will use again the “Helmholtz = Laplace + compact low-order perturbation” trick.
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Au+ku=—f inQ, Opu =gn  on 0L,

are well-posed if Sk > 0, f € L2(Q) and gy € H2(99).
Hint: First write the two BVPs as variational problems A(u,w) = F(w) in H}(Q) and H*(Q), respectively.
Then use Lax—Milgram theorem. To prove the coercivity |A(w,w)| > c\|w||§{1(9) of the sesquilinear form

obtained, first control the L? norm of u, then the H' seminorm by using the triangle inequality.
Deduce a bound on ||ul| ;1 (q). The bounding constant C' will blow up for Sk ™, 0.

If instead of sound-soft and sound-hard conditions we have impedance ones we obtain a different result.
Consider the impedance BVP:

Au+k*u=—f inQ, Ont —ik¥~yu = gy on 0L, (27)
for 9 >0, f € L*(Q), g1 € H_%((‘)Q). Its variational form is: find u € H'(£2) such that

Ar(u,w) := / (Vu-Vo—k*uw) dx—iky yu yw ds = / f@dx—i—/ gr ywds =: Fr(w) Yw e H(Q).
Q Q a0

(28)
As before, the sesquilinear form is continuous, coercive only for small &, and satisfies a Garding inequality.
So to check the well-posedness we only have to look at the homogeneous problem. If ug satisfies (28) with
Fr =0 (ie. f =0 and g; = 0), taking the imaginary part of Aj(ugp,ug) = 0, we see that yug = 0 on
012, and from the boundary condition that also dpug = 0 on 9. We will see in Corollary 5.13 that this
implies that the impedance BVP is always well-posed. A different proof can be found in [SBH19, §8.8].

o0

Remark 4.10: (What kind of waves are the eigenfunctions?). We have observed in §4.1 that Dirichlet and
Neumann boundary conditions reflect waves without losing energy. Roughly speaking, we can interpret Dirichlet
and Neumann eigenfunctions as waves that bounce around in Q forever, without any damping. At the right
wavenumber the interference of the wave with itself is constructive (after a full round of bounces the wave has
precisely the same phase it started with), so, in a sense, it can exist without a source; see Exercises 4.11-4.12.
For example, if 2 is a disc, one can imagine a wave propagating along a regular polygon inscribed in €, reflected
by 99 at every corner of the polygon. These are called creeping waves, as they “crawl” around 0f) and are
small in the centre of Q, or whispering gallery modes (from some circular buildings where a whisper can be
heard in any place close to the wall but not in the centre); see Figure 8.

On the other hand, impedance boundary conditions and complex wavenumbers entail some energy absorp-
tion: in this case the waves cannot propagate forever and there are no eigenfunctions for any k& > 0.

For high frequencies k " oo Helmholtz solutions resemble more and more trajectories of particles, or billiard
balls on a table, or light rays if the particles are photons. The study of the relationships between the dynamics of
“billiard trajectories” and the properties of PDEs with a vanishingly small parameter (b = k=1 in h2Au+u = 0)
is the topic of “semiclassical analysis” (the name comes from the analogy with the relation particles : waves =
classical physics : quantum physics).

Unit disc eigenfunction, k = 13.3543: u(x) = Jo(kr)e®

Real part Imaginary part Absolute value

- - 03
02 02 025
01 01 02
0 0 0.15
0.1 0.1 04
02 02 0.05

Figure 8: The Dirichlet eigenfunction Jo(kr)e'®? with k = 13.3543 on the unit disc. This is a typical
“creeping wave” or “whispering gallery mode”, as it is concentrated along the boundary of the domain.

Exercise 4.11: (Billiards and eigenfunctions). Show that for all pairs j;,jo € N there is a closed “billiard

trajectory” in the unit square 2 = (0,1)? whose length is an integer multiple of the wavelength \;, ;, =

27T 2 . . . . . . . . .
= = of the Dirichlet eigenfunction with indices .
k /j%Jrjg g J1,J2

J1,92

A “billiard trajectory” is the trajectory of a particle leaving from a point in €2, moving in a straight k
line, that is reflected when it hits 9Q with the equal-angle law, and that never hits the corners of
Q. Itis closed if it is a loop, i.e. the particle repeats it infinitely many time.
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Exercise 4.12: (Plane waves and eigenfunctions of the square).
Fix ji,72 € N and define the plane wave u (x) = e"(12177222)  Write the wave u_» defined as ==
the sound-soft reflection of u~_ on the line {5 = 0}, using the rules learned in §4.1. Extend these )
rules to write the wave ux_ defined as the reflection of u_» on the line {z; = 1}, and u as the <
reflection of ux_on the line {x2 = 1}. Show that the reflection of u_ on the line {z; = 0} is u~,. =
We have found a wave that after four sound-soft reflections on the lines corresponding to the sides of the
square (0,1)? is identical to itself.
Show that u~, + u_~ + ux_+ u is (a multiple of) one of the eigenfunctions of (0,1)? described at the
beginning of this section.

Exercise 4.13: (Domain scaling and eigenvalues). Let 2 be a bounded domain, p > 0 a constant factor,
and Q = pQ) = {x = px: x € Q} be a dilation of 2. Let A be a Dirichlet (or Neumann) eigenvalue of Q.
Show that A = A/p is a Dirichlet (Neumann, respectively) eigenvalue of .

4.3 EXTERIOR BOUNDARY VALUE PROBLEMS

A typical problem in computational wave propagation is that of scattering. In a scattering problem we
want to compute how a given incoming wave is perturbed by the interaction with an obstacle. Here we
consider only sound-soft obstacles.

We fix some notation. Let C R? be a bounded Lipschitz domain, denote = R*\ Q_ and

= 00 _. We will always assume that 2 is connected, i.e. 2_ has no holes. We choose the unit normal
vector field on 02 that points out of 2_ and into Q. We need to take traces of fields defined in Q_

and in Q. : for clarity we write and for the traces taken from Q0 and Q_. If u € H} (R?) then

loc
yFu = y"u (and we may write yu); if instead v € H} . (Q- U ;) then v"u and v~ u might differ. The
same holds for the Neumann traces 97 and the H!(-; A) spaces.

Let be the incoming wave, or incident wave, a given Helmholtz solution which will be the datum

of our scattering problem. We want to find the field scattered by €2_, that is a Helmholtz solution

in the exterior domain €, and such that y(u™") = 0 on T, where |u°" | = um® 4 45, We see in the
next section that these two conditions are not enough to determine 15,

4.3.1 EXAMPLE: SCATTERING BY A DISC

Let us consider a simple example using separation of variables. Assume that (i) Q2_ = Bg is the disc
of radius R > 0 centred at the origin, and (ii) the trace of u!™ on I is a circular harmonic, in polar
coordinates (ytu"®)(R,0) = e*? for some ¢ € Z. From §2.3, we know that all fields in the form'3

H{Y (kr)

Htgz)(lﬂ") oltl
H (kR)

uicat (r,0) = =\ H(2) (kR)
J4

e — (1)) ,  A€C,

are Helmholtz solutions in Q4 and satisfy 4 (u™¢ + u5**) = 0 on the circle I'. Which value of A should
we choose?

The scattered field is produced by the interaction of the obstacle Q_ and the incoming field u™¢. So
it should look like a wave propagating away from )_ towards infinity.

First of all, we would like |u(x)| to decrease to zero for r — oo (the further we are from a sound source,
the weaker the sound we hear). In particular if |u(x)|> ~ r~! for r — oo, then the “energy” f{IXIZR} |u|? ds

is bounded for R — oo. All Fourier—Bessel and Fourier—-Hankel functions decay as \/2/mwkr for r — oo, so
this does not help choosing .

If we plot u5°" in a position x very far from _, we expect it to point away from
Q_, i.e. radially towards infinity. We would like u5¢*

close to x to look like a plane jﬂ&
wave pointing away from {1_, i.e. in the direction d = *:

w5 (x) & AP T = Aelhr x = (rcosf,rsind).

Here A € C includes the amplitude, proportional to %, and the phase of the wave.

13Here we have chosen the Hankel functions, as opposed to J; and Yy, because they are different from 0 for all values of
kR, so we can normalise as written.
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We recall that Bessel functions with large arguments can be approximated by the following formulas,
[CK2, (3.82)]:

o= Zew (-5 -T)(140(2)). o=y Zan (-5 (1+0(2), soe

Recalling the relations (16) between Bessel and Hankel functions, we can write the scattered field as

2 ellkr— 5 — 5 400) ei(—kr+ G+ 5 +08) 1

Scat

u (x)z,/(x+ 1>\)><1+O — > (29)
A wkr Hél)(kR) HéZ)(kR) (kr)

ikr

—~

We see that the H él) term gives a factor e'*", while H 52) term gives a factor e*". This means that only
the first component is propagating outward, while the second one is directed towards the origin. So we
want to keep the first term only and choose A = 1.

Another way to see that the e'*" terms are outgoing is to recall the meaning of time-harmonic waves,
as described in §1.2. For u(x) = r~/2¢*", the time-dependent field (7) is U(x,t) = r— /2 cos(kr — wt) =
7~ 1/2 cos(k(r—ct)) which spreads (in time) radially from the origin. Conversely, @(x) = r~1/2e=*" = 7(x)
gives U(x,t) = r~ /2 cos(kr+wt) = U(x, —t) which moves towards the origin. See also Figure 9 for another
way of reading the direction of propagation of a Fourier—Hankel function.

——-cos(kr) = R{e*"}

- = sin(kr) = 3{e*r}

— Jy(kr) = R{HY (kr)}
= = Yolkr) = S{H" (kr)}

— (kr) = R{HED (kr)}
- = Vi(kr) = S{HY (kr)}

— Jy(kr) = R{EY (kr)}
= = YVa(kr) = S{HV (kr))

Ja(kr) = R{HS" (kr)}
= = Yy(kr) = S{H (kr)}

—— Ji(kr) = R{H (kr)}
= = Yi(kr) = S{H" (kr)}

Figure 9: How can we sce that u(x) = H{" (kr)e®® moves outwards from its definition? In this figure we
compare the real part (blue continuous lines) and the imaginary part (red dashed line) of these circular
waves for £ = 1,2,3,4 and k = 1 along a ray from the origin (0,0) (left) to the point (50,0) (right).
We see that the imaginary part is always slightly “ahead” of the real part. Recall Exercise 1.9: the
time-dependent wave U (x,t), after taking value Ru(x) will take value Su(x). From the figures we see
that this means that u is moving from left to right, i.e. from the origin towards infinity.

For comparison, in the first row we see the real and the imaginary parts of a plane wave propagating to
the right.

Exercise 4.14: (Circular wave motion). Using the Matlab code provided, make time-harmonic animations
of different combinations of Fourier—Bessel and Fourier—Hankel functions and observe in which direction they
propagate.

For a general u!'™, we can expand its trace on the circle I in circular harmonics as u'°(R, ) =
> vz ace™™. The scattered field and the total field are then

H
uS (1, 0) = — Z ag

(1)
(Zl) (k ) eiée’ UTOt(X) _ uInc(X) + uScat(X).
ez Hy (kR)
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This choice ensures that (i) «5** is Helmholtz solution in Q0 , (i) 774" = 0 on 99, and (iii) w5 is
made of outgoing waves only. This is an example of “Mie series”.
You can see an example of scattered field computed with this formula in Figure 10 and on the webpage.

Exercise 4.15: (Scattering of a plane wave by a disc). Let u!" be a plane wave with direction d.
Compute the field scattered by a disc of radius R using Jacobi-Anger formula el* 3@ =37, it.J,(z)ei.
Reproduce the plots in Figure 10.

The sum over ¢ € Z has to be truncated at |¢| < Kmax, with ¢pax (slightly) larger than kR. Plot the

magnitude of the coefficients @ in u5°(x) = 3", ueH (k:r) 19 to justify this choice.

Field scattered by sound-soft (Dirichlet) disc with Mie series on (—1,1)%, k = 30, incoming PW angle 0.167pi, radius 0.25

Real part Imaginary part Absolute value

Total field for scattering by sound-soft (Dirichlet) disc with Mie series on (—1,1)?, k = 30, incoming PW angle 0.167pi, radius 0.25

Real part Imaginary part Absolute value

Figure 10: (Ex. 4.15.) Scattering of a plane wave with direction d = (‘2[, 3) by a a sound-soft disc with

radius 0.25 at k = 30. Top: scattered field; bottom: total field. We can observe that the uS field is

—

strongest in the shadow region, and has phase opposite to u™¢, so that «T°" is minimal there. In 1u™*
we see the complicated pattern produced by the interference between uS5* and u™°.
Exercise 4.16: (Scattering of a circular wave by a disc).
1. Using the "“Graf’s addition theorem” in [DLMF, 10.23.7], derive the formula
HY (klx —yl) =Y HP (kly)e ™ Jo(klx])e™  vx,y e R?,  |x| < yl. (30)

LEL

Here 6x and 6y, are the angular coordinates of x and y.

2. Let ulne(x) = Hél)(k|x —y|) be a 0-order Fourier—-Hankel function centred at y € R?\ Bg, R > 0. Show
that, for this incoming field, the field scattered by the disc Bg, is

r> R.

k H(l) k —i6y )
uScat(r7 0) _ Z Jl( R) ?1)( |Y|) € Hél)(kr)elée
tez H, " (kR)

3. Plot the scattered and the total fields.


https://dlmf.nist.gov/10.23.F1
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4.3.2 SOUND-SOFT SCATTERING PROBLEMS

We have seen how to select “outgoing” waves using the expansion in polar coordinates. How to do the
same when this expansion is not available, namely when 2_ is not a circle?

The radial dependence of all the outgoing terms in the circular wave approximation (29) is #elk’“
(ignoring high-order terms). Deriving with respect to the radial direction r we have 8T(#eik’") =
ik%eik"' — %r_?’/ge””'. So, if u5* is a linear combination of Hél)(kr)eiw for different /s, then it sat-
isfies 0,uS — ikuSat = O(r=3/2). On the other hand, the bad terms Héz)(kr)eiw satisfy only the

condition with the opposite sign d,u + iku = O(r~3/2) (recall that HéZ) = Hél)). This suggests the
following classical definition (for the history of the Sommerfeld radiation condition see [Schot, 1992]).

Definition 4.17: (Radiating/outgoing solution). Let u be an H (R?\ Bg) solution of the Helmholtz
equation in the complement of a ball. We say that u is radiating, or outgoing, if it satisfies the Sommerfeld

radiation condition:
|8,u — iku| = o(r~1/?) T — 00. (31)

Sommerfeld condition is meant to hold uniformly in all directions, namely

lim sup +/r|du(r,6) — iku(r,6)| = 0.

T2 gelo,27)
Since radiating solutions can be expanded in series of Fourier-Hankel functions, Sommerfeld condition (31)
is equivalent (for Helmholtz solutions only) to the apparently stronger condition

3C,R >0 such that |du(r,6) — iku(r,0)| < Cr3/2 Vr> R, 6¢€]0,27].
Sommerfeld condition also implies that limp—ec [y, [0ru — ikul*ds = 0, dBr = {x : |x| = R}. The
approximation (29) implies that all linear combinations of H, él)(kir)eiw that converge outside of some
ball are radiating. On the the other hand, no H éz)(k‘r)eiw term is allowed in radiating functions. The
complex-conjugate of a radiating function is not radiating.
A more rigorous derivation of the Sommerfeld radiation condition can be done using the “limiting
absorption principle”: first consider the problem with absorption, i.e. 3k > 0, where the e*” behaviour

corresponds to solutions decaying towards infinity, then study the limit for Sk N\ 0.
We can now define the class of exterior boundary value problems that we will consider in the following.

Definition 4.18: (Exterior Dirichlet problem—EDP). Let Q2_ be a bounded Lipschitz domain, & > 0
and gp € H2(T'). We say that u € HL_(Qy) satisfies the exterior Helmholtz Dirichlet problem if

Au+Eu=0 in Q4
Yru=gp  onT, (32)

w is radiating.

In the language of scattering theory:

Definition 4.19: (Sound-soft scattering problem—SSSP). Let Q_ a bounded Lipschitz domain, k£ > 0
and u!™ is a Helmholtz solution in a neighbourhood of I'. We say that u5°** € HL (Q.) satisfies the
sound-soft scattering problem if

AuScat + kQUScat =0 in Q+’
,y+(uScat + uInC) =0 onT, (33)
uS is radiating.

Scat and gp = 7,Y+u1nc.

The sound-soft scattering problem is an exterior Dirichlet problem with u = u

We will see in §4.4 that problems (32) and (33) are well-posed.

In Definition 4.19 we have assumed that u™¢ is defined only in a neighbourhood of the scatterer’s
boundary. If the incoming wave is a plane wave, then of course it is defined in the whole of R?, but
this definition allows to include more realistic incoming waves such as “point sources”, i.e. Fourier—Hankel
functions centred at some point of (1.

The EDP and the SSSP are defined and analysed in details in, e.g., [CK2, §3.2]. However, [CK2]
considers the 3D case (so the powers of r in Sommerfeld condition are different) and C™ spaces rather

than Sobolev spaces.


https://doi.org/10.1016/0315-0860(92)90004-U
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Scat I _
uInc ’Y+ (U At nc) =0onTl H{f\f}cat
<<( )>> uScat
S feld
A Scat + 2qScat — 0 radia(t)irgglg(rnfdition

BpuSoat kSt —o(p—1/2)

n Q4

Figure 11: Diagram of the sound-soft scattering problem (33).

Remark 4.20: (Truncated problems). Often one does not want to deal with BVPs posed on unbounded
domains such as in Definition 4.19, for example because one wants to approximate the solution with a finite
element method. A possibility to reduce this problem to one posed on a bounded domain is to choose a large
ball Br (or a different shape) with Q2_ C Bgr and solve a Helmholtz BVP on the truncated domain B N,
On T" we impose the Dirichlet condition as above. On the artificial boundary 'y = OBg one has to impose some
artificial boundary condition that mimics the Sommerfeld radiation condition. The simplest choice is to choose
impedance conditions 9,45 — iku5°** = 0 (compare with (31)). Many more efficient and more complicated
boundary conditions exist. They are called absorbing, non-reflecting, radiation, generalised-impedance boundary
conditions (ABC, NRBC, GIBC...). The quality of an artificial boundary condition depends on the ability to
absorb the waves coming from the domain and to not reflect them back. See some examples in [Ihl98, Ch. 3].

Remark 4.21: (Far-field pattern). It is possible to prove (e.g. [CK2, eq. (3.86)]) that if w is a radiating
Helmholtz solution, then it satisfies

eik:r
\/,;

for a function uy, € C°°(S') (recall that S is the unit circle, and that 6 denotes the angular polar coordinate
of x). This means that, up to factoring out the phase factor e!*” and the decay factor # when we move

u(x) = (um(e) + O(ril)) for r = |x| — oo,

towards infinity along a straight line in the direction 6, a radiating field converges to a given value u,(6). The
function us, is called far-field pattern. If u is defined in Q. and admits Dirichlet and Neumann traces on T,
the far-field pattern can be computed using the formula

Uoo (0) = % /r (7+u(y)8r'fe_iky'd — 8;fu(y)e_iky'd) ds(y) d = (cosf,sind). (34)

The far-field pattern is one of the main quantities of interest in remote-sensing applications, for example to
quantify the amount of radiation “backscattered” by an obstacle when it is hit by a wave. You can see the
far-field pattern of the wave scattered by a triangle in Figure 14.

Exercise 4.22: (Far-field pattern of a plane wave scattered by a disc). Compute (as a circular harmonic
expansion) and plot with Matlab the far-field pattern of the field scattered by a disc hit by a plane wave. Use
the Fourier expansion computed in Exercise 4.15. Study how the far-field pattern vary with k&, R and the
propagation direction of u™°. Denote 1. (6, ) the far-field for u'm¢(x) = elk(¥1 cos&t+e2sin&). can you find any
symmetry between the two angles? See [CK2, Thm. 3.15].

Remark 4.23: (Direct and inverse scattering). The SSSP is a direct scattering problem: we know the
incoming wave, we know the obstacle, we want to compute the scattered field. In applications (such as medical
imaging, oil retrieval, seismic and atmospheric remote sensing, fault detection in materials, radar and sonar. . .)
it is very important to consider also inverse scattering problem: given the scattered field or the far-field (typically
from measurements), one wants to compute the obstacle and/or the incoming wave. Inverse problems are ill-
posed and much harder than direct ones, both theoretically and computationally. Most numerical methods for
the approximation of inverse problems require the numerical solution of many direct problems: this is one of
the main motivations for the study of efficient methods to simulate direct scattering problems. Most of the
book [CK2] is devoted to inverse scattering problems.

Remark 4.24: (Radiation conditions in 3D, electromagnetism and elasticity). In three space dimensions,
the Sommerfeld condition requires a slightly faster decay of u: |0,u —iku| = o(r~1), r — oo, [CK2, Def. 2.4].



Well-posedness of the exterior Dirichlet problem |33|

A. Moiola — February 27, 2023

- umc‘ 1.00 S umc ‘ 1.00 |u|“c| 1.00

\ 0.50 \ \ 0.50 1.00

§ 0.00 \ 0.00 1.00

\ -0.50 \\ -0.50 1.00

§ -1.00 & -1.00 1.00

1.23 1.22 lu®* 1.24

0.62 0.61 0.96

0.01 -0.00 0.68

-0.60 -0.61 0.40

-1.21 -1.22 0.12

217 217 lu™ 2.22

1.09 1.07 1.67

0.01 -0.03 k 1.11

1.08 -1.12 — 0.56

2.16 -2.22 — 0.00

Figure 12: Scattering of a plane wave with direction d = (%, \/Tg) by a sound-soft triangle. Here k = 20
(so X = {5 ), the cathetus of the triangle has length 1 and the fields are plotted on a square of side 3.

A pair (E,H) that solves the time-harmonic Maxwell's equations (9) (with o = 0) in the complement
of a bounded domain of R3 is outgoing if it satisfies one of the Silver—Miiller radiation conditions [CK2,
Def. 6.6]:

Hxx—rE|=0(1) or |Exx+rH|=0(1) T — 00.

This is equivalent to assuming that all the Cartesian components (which are Helmholtz solutions) of the fields
satisfy the Sommerfeld condition, [CK2, Thm. 6.8].

A displacement field u that solves Navier's equations (12) in the complement of a bounded domain is
outgoing if it satisfies the Kupradze condition: the scalar and vector potentials x and 1) of (13) satisfy the
Sommerfeld condition with wavenumber kp and kg, respectively. So all Cartesian components of radiating
pressure and shear waves are radiating Helmholtz solutions.

4.4 WELL-POSEDNESS OF THE EXTERIOR DIRICHLET PROBLEM (EDP)

The most common proof of the well-posedness of the EDP (32) relies on properties of BIOs and BIEs,
e.g. [CK1, Thm. 3.21] and [CK2, Thm. 3.11|. Here instead we prove well-posedness using a variational
formulation on a truncated domain and the “DtN map”. However, both proofs rely on the same main
tools: Fredholm theory and a “Rellich lemma”, which ensures uniqueness.
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Figure 13: The Poynting vector S(uS°®") for the scattering problem in Figure 12. See Exercise 2.13.

0.641+I0910(|9?r-field|), k=5 o.sA1+|og1o(|;:r-fie|d|), k=10 0.988+log 10(|;:r-field|). k=20 1.13+log10(/far-flald]), k=40
90

0.8
120 60 120 . 60 120 60 120 60
0.6 15

0.4 150 1 30

270 270 270 270

Figure 14: Some polar logarithmic plots (Matlab’s polarplot command) of the magnitudes of far-

field patterns logyg |uco|. In this scattering problem, a plane wave with direction % hits a sound-soft

triangular scatterer W with vertices (0,0), (1,0) and (0, 1), as in Figure 12. Each plot corresponds to a
different wavenumber (k = 5,10,20,40): for increasing frequencies the far field becomes more complex
and focused in few directions. The far-field pattern has maximal intensity in the direction % of the

incoming wave (up right), where the triangle projects its shadow. Two other peaks are in directions

—% and %”, corresponding to the wave reflected by the two illuminated sides. The field in all other

directions is due to the diffraction by the corners. The far-field patterns were computed numerically
with the BEM described in §5.2.

4.4.1 DTN MAP

Let R > 0 be the radius of an open ball By centred at the origin such that I' C Br. We define the operator
DtN, which acts on functions defined on 0 Bg by multiplying each terms in their Fourier expansion by the
ratio of the radial derivative of the corresponding Fourier-Hankel function and the value of the Fourier—
Hankel function itself:

. . kHY (K
DtN(v) = DtN ( > ﬁze‘”) = Tyie, for Ty := ki, (kR) (35)

H{" (kR)

This operator is called Dirichlet-to-Neumann (DtN) map or capacity operator (see [Néd01, (2.6.92)]
for the 3D version).

If u is a radiating solution in €, then in R?*\ B, it can'* be expanded as u(x) = 3,5, agHél)(kr)eiw.
Then its traces on OBFR are

. / .
fygBRu = E agHél)(kR)elw and ﬁiaBR(u) = g agk:ngl) (kR)e*  thus DtN(fygBRu) = 8§83R(u).
ez €€

14We haven’t proved that all radiating solutions can be expanded in Fourier-Hankel series; see [CK1, Thm. 3.6] for a proof
(in the 3D case) which relies on Green’s representation (which we will see later).
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In words: the DtN operator maps the Dirichlet trace (on 0Bpg) of a radiating solution to its
Neumann trace (on 0Bg).

From the formulas ([DLMF, 10.61 and 10.19E2|) for the derivative and the large-index asymptotics of
the Hankel functions

_ H[Si)l (2) = Htgj—)1(2)

1y’ W (Y o s 202 ‘ -3
H,” (2) 5 , H,”(2) i w(ez) L for £ — oo
we have o n
H,” (kR) — Hz+1(kR) ekR 2/

HV (kR)

From the definition of the fractional norms (19) on the circle we have that DtN is continuous as an operator
DtN : H%(0BRr) — H* 1(0Bg) for any s € R: for some C > 0,

2 ~ s— ~ s 2
IDtNO|[ 51 oy = 27 D [0 [TeP (14 €2)°7H < O [oel*(1+62)° < Clloll e o)
ez tez

4.4.2 TRUNCATED PROBLEM

The EDP (32) is equivalent to the following problem on the
truncated domain Qp 1= Br N Q4

Au+k’u=0  inQp,
yu=gp onT, (36)
DtN(yu) — Opu =0 on OBg.

The last condition on the exterior boundary 0B is equivalent to the Sommerfeld radiation condition.
To write this BVP as a variational problem we define the space Hj p(Qr) := {u € H'(Qr) : yu=0o0onT}
(the H! functions whose trace vanishes on the interior boundary I" but not necessarily on dBR).

From the surjectivity of the trace operator (Theorem 3.7) there exists a lifting up € H'(Qg) such that
ytup = gp; it is possible to choose up € H'(2g; A) (e.g. by solving an auxiliary Laplace BVP). If we
can solve the problem

Aug + kQUO =—f in Qg,
Yug =0 on I, f:=—Aup — k*up, gr:= —DtN(yup) + Onup,
DtN(yug) — Onto = gr on 0Bg,

then u = up + ug would solve (36). (We could also choose up such that gr = 0.) Using Green’s first
identity it is easy to deduce a variational problem for ug:

find wo € H&R(QR) such that Apg(ug,w) = Fr(w) Yw € H&R(QR) where (37)
Apr(ug, w) ::/ (Vuo Vo — k*ugw) dx — / (DtN~yug) (yw) ds,
QR BBR

Fr(w) ::/ f@dxf/ grywds.
Q OBRr

Using the continuity of the trace operator (y : Hj z(Qr) — Hz(0BpR)) and the DtN map (DtN :
H2(0BR) — H 2(8Bg)) we deduce the continuity of Ag and Fg in H&R(QR).

4.4.3 GARDING INEQUALITY

We first look at the real part of the boundary sesquilinear form associated to DtN: for all v(x) =
> ren bee € Hz(0BR) we have

R (DtNv)Tds(x) = R %/OQW (ZTN}ZQW)) (Z@fzefim) a0 — Qﬂ_RZ (0 [2R{T, ).

9BR = = =


https://dlmf.nist.gov/10.6i
https://dlmf.nist.gov/10.19E2
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For any complex-valued differentiable function f of a real variable we have

POV FOFO FOFOLTF@OI 1 o0F®) 1 alioP)
™ot =™ ror ) - - |

2f(®)? P IOTET 21f@P ot
Choosing f(r) = Hél)(kr) we have

<0
r=R

f/(R)} 1o (k)P

J(R) S~

®{T,;} =R =
{ Z} { 2|ngl)(kR)‘2 or

since the absolute value of the Hankel function is monotonically decreasing. Combining all these ingredients
we see that the sesquilinear form satisfies a Garding inequality:

%{ARw,w)}:/ (Vo2 — 2w dx — % [ (DtNyw)ymds

Qr OBRr
2 2 N
= IVl 72(0p = K 1wl 2 g0p = 27R D |de|* R{TL}
tez 0

2 2 2 2 2
> [|Vwlzai@pe = K 1wlLe(n) = 1wl — B +1) [wlzaqy, »

where we have expanded (yw)(6) = 3, wee'®” on BR. Moreover, H{ r(Qg) is compactly embedded
in L2(Qr). From Corollary 3.15 we have that if the homogeneous version of the variational problem (37)
(find ug € Hj z(Ur) such that Ag(ug,w) = 0 for all w € Hj (Qr)) admits only the trivial solution
ug = 0, then (37) is well-posed for any right-hand side. '

4.4.4 UNIQUENESS

We first prove the following important result, [CK1, Thm. 3.12].

Theorem 4.25: (Rellich’s lemma). If v is a radiating Helmholtz solution in Q4 then

%/ Onu yuds <0 = u=0 inQ,.
OBRr

Proof. As before, we assume that u admits a Fourier-Hankel expansion u = ., e’ H él)(k‘r), [CK1,
Thm. 3.6]. With this normalisation, on 9Bg we have

27 -
) Onuryuds =R %/ (Zﬁleimk}[lgl)/(kr)) (Zﬁize_inél)(krD dé
9Br 0 tez L€
—2rRY laePS{kH" (kR)HD (kR)}
LEL
2
=27RY |ﬂg|2k<Y’(kR)J(kR) - Y(kR)J’(kR)) =27RY il —5 =4 |af* > 0,

TR
L€ L€ L€

from the Wronskian identity [DLMF, eq. 10.5.E2]. Since all terms in the series are positive, if the series
is < 0 then it is 0 and 4y = 0 for all £ € Z, so u = 0. O]

If we choose ug to be the solution of the homogeneous variational problem (37) with Fr = 0, then

0=S{Fr(uo)} = S{Agr(uo,up)} = —%/ (DtN~yug)yap ds = = Onlp Yo ds
8BR 8BR

and ug = 0 by Rellich’s lemma 4.25.

We can now complete the proof of the well-posedness. The homogeneous variational problem ((37)
with Fg = 0) admits only the trivial solution ug = 0 (§4.4.4) and its sesquilinear form satisfies a Garding
inequality (§4.4.3). By Corollary 3.15 the problem (37) is well-posed for all f and gr. Thanks to the
equivalence with (36), also the EDP (32) and the special case of the SSSP (33) are well-posed.


https://dlmf.nist.gov/10.5.E2
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5 BOUNDARY INTEGRAL EQUATIONS AND THE BOUNDARY ELE-
MENT METHOD

5.1 SINGLE-LAYER POTENTIAL, OPERATOR AND THE FIRST BIE

15We define the 2D Helmholtz fundamental solution:

i
Dp(xy) = ;Hy (klx—y]).,  x#yeR (38)

For a given point y, this is a radiating Fourier—Hankel function of order 0 centred at y. It is a smooth
Helmholtz solution in R?\ {y} and has a logarithmic singularity at y. The roles of x and y are symmetric.
It represents the field produced by a point source located in y. The value of ®(x,y) only depends on
the distance |x — y| between the arguments (more precisely: it depends on the number of wavelengths
contained in that distance: @ = w)

We will see in Exercise 5.21 that the normalisation factor i in (38) gives that, for ally € R?, A®,(-,y)+
k2@, (-,y) = dy, in the sense of distributions, where dy is the Dirac delta centred at y. Moreover this
coeflicient will allow to write a simple Green’s integral representation in §5.3.

Any linear combination j ¥;j®i(-,y;) of fundamental solutions centred at points y € Q_ satisfies
the Helmholtz equation in Q, and is radiating.'® We can also take a continuous linear combination of
fundamental solutions, which we write as

(S1)(x) = / O(x,y)0(y)dsly)  x €9, (39)

r

where 1) is a function on I'. We can think at v as the density of acoustic sources'” generating the field
S1. The function x — Pk (x,y)¥(y) belongs to C*°(£24) for any given y € I'. Thus, by the differentiation
under integral sign theorem, the function S¥ belongs to C*°(2,), is radiating and is a solution of the
Helmholtz equation, [CGLS12, Thm. 2.14]|. The operator S is called (acoustic) single-layer potential or,
sometimes, simple-layer potential. It is possible to prove that the single-layer potential is continuous
as a mapping S : H2(9Q) — HL _(Q), [CGLS12, Thm. 2.15].

This suggests to look for a solution of the EDP (32) in the form u(x) = (S%)(x) for some “density” 1.
But, how can we find ? We need to relate S to the boundary condition.

We first introduce the single-layer operator S:

(S)(x) = / p(xy)i(y)dsy) xeT. (40)

T

The only difference between the single-layer potential S and operator S is that the former is evaluated
in points off the boundary, and the latter on the boundary I'. When 1 € C°(T), then the evaluation
of (8¥)(x) is the integral of a continuous function. On the other hand, no matter the regularity of v,
the evaluation of (Sv)(x) is a singular integral, because of the singularity of ®;(x,y) at x = y. The
single-layer operator is a first example of boundary integral operator (BIO), in particular it is a
weakly singular integral operator, as the singularity of ®; is logarithmic.

The Dirichlet trace operator relates S and S:

St =~"(SY). (41)

This fact seems obvious from the definitions (39)—(40) of single-layer potential and operator, but its justi-
fication requires some care because of the singularity of the fundamental solution ®;, which appears in the

15This section closely follows [Sayas06, §3]. However we use the notation S, S of [Spencel4], while [Sayas06] uses Sr, Vi-.
16This suggests a numerical method consisting in choosing N points y1,...,yny € Q_ and in searching the coefficients

L N
$1,...,¢N that minimise HZ]':1 Y Pr (- y5) _QD(‘)‘ L2

called the “method of fundamental solutions” (MFS). It can give extremely good accuracy but has some drawbacks: it is
very sensitive with respect to the location of the y;s, the minimisation generally leads to ill-conditioned linear systems, it
struggles to approximate solutions for scatterers with corners.

17The terminology (“potential”, “layer”, “density”, ...) comes from electrostatics, i.e. the Laplace equation case k = 0. In
this case 1) represents the surface density of electric charges generating, by Coulomb’s law, the electrostatic potential S.
For a simple and very brief summary see https://cims.nyu.edu/~oneil/courses/sp19-math2840/electrostatics.pdf

(or some other norm on I'). This is a well-known scheme



https://cims.nyu.edu/~oneil/courses/sp19-math2840/electrostatics.pdf
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definition of S and S. '® We will see in §5.4 (equation (57)) another boundary integral potential /operator
pair defined by similar formulas, where the operator is not the trace of the potential.
If we are able to find ¥ on I'" such that

|Sp=gp onT, (42)
where gp is the Dirichlet datum of the EDP (32), then
‘u =8y inQy ‘ (43)

is a radiating Helmholtz solution in Q0 with yTu = y*Sy = S = gp by (41), thus u itself is a solution
of the EDP (32).

Equation (42) is the first example of boundary integral equation (BIE) and (43) is the correspond-
ing representation formula. The unknown of the BIE is 1, which is a distribution supported on I' and
does not need to have a physical meaning: for this reason this is called indirect method. If we could
solve the BIE and compute %, then the solution u of the EDP could be obtained from the representation
formula, which amounts to the computation of an integral on I' for each point x € 2, where we want to
evaluate u.

We will see in §6.1 that the BIE (42) is well-posed under some conditions on I" and k.

From the continuity of the single-layer potential S : H~2(I') — H}_.(Q4), the trace formula (41) and

the trace theorem 3.7, it follows that the single-layer operator is continuous as a mapping S : H ’%(F) —
H2(T).
Remark 5.1: (Continuity of the single-layer operator on the circle). We can verify the continuity S :
H_%(F) — H%(F) for a circular boundary I' = OB = {x : |x| = R} for R > 0, where these norms can be
computed from Fourier coefficients. Let v(6) = }_,., d¢e'’ be a function (or distribution) defined on I and
x = (Rcosbx, Rsinfy) € 0Br. By Graf's addition formula (30), the orthogonality of the circular harmonics,
the large-index asymptotics [DLMF, 10.19.1-10.19.2] for Bessel and Hankel functions

)60 = | . BeY)y) ds(y) = R / N (; leél)(kR)Je(kR)eimxe‘W’y> (Zzw) as,

_ 27rRiHél) (kR)Jy(kR) 1y &%

18We show this (intuitively very plausible) fact when ¢ € CO(T") and T is a polygon.
Using [DLMF, eq. 10.8.E2| and the smoothness of Jy, one can show that ®x(x,y) = —ﬁ log(k|x —y|) + R(|x —y|) for a

function R € C1(R). We denote by Lg := SUPy¢[o,diam 7] |R'(t)] the Lipschitz constant of R.
We fix a point x € I and a sequence (x;)jen C Q4 N By 4(x) with x; — x. We denote ¢; := 2|x — x;|1/2. Then

[500) = Sux)| = [ [910x,3) = Bl V() dsy)|
< bl ey (/F [R(x = D) = R(lx; D] ds(y) + 5= [ | 1or(klx ) ~ log(hix, —y\>|ds<y>))

<Nl poe (\F\Lnlx—XjH/ }log\x—yl—log\xj—.Y||d8(.Y)+/ |10g|X—y\—loglxj—deS(Y))-
T'\Be. (x) FﬁBej (x)

Jt—s]

min(t.sT for all ¢,s > 0 also the second term

The first term clearly vanishes in the limit x; — x. Using that |logt —logs| <
vanishes in the same limit:

- - j — 2|
/ [tog x — | ~ log b, — y] ds(y) < [ e | PR L3 VY TR IV}
P\Be, () P\, (o min{x — y1. b — ¥} .

Now assume that x belongs to a side of I (which was assumed to be a polygon) and that €; is smaller than the distance
between x and the closest vertex of I" (which is true for sufficiently large j). Let t; € (0,€;/2) be the distance between x
and the point of I' closest to x;. Then the last integral term can be bounded as

/ |log [x — y| — log|x; — ]| ds(y)
FﬁBej (x)

€ IN &»
< / |log |t]] + | log |t — ;]| dt
—e;

= 2¢j|logej — 1| + (¢j +t;)|log(e; +t5) — 1| + (¢j — t5)[log(ej —t;) — 1| < Cejlloge;].
(If x is instead a vertex of I" one can proceed in a similar way treating separately the two segments of I' N B, (x).) From the
definition of €, all three terms in the bound on |S¥(x;) — S (x)| converge to 0 for j — oo, s0 lim;_,oo SY(x;) = SP(x).
We have also shown that x — [ ®x(x,y)¥(y)ds(y) is a continuous function on €4 UT (actually it is continuous on R?).
See [SS11, Thm. 3.3.5| for a more general proof.


https://dlmf.nist.gov/10.19.E1
https://dlmf.nist.gov/10.19.E2
https://dlmf.nist.gov/10.8.E2
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Figure 15: A log—log plot of the multipliers A, = (‘5;1;)2 in the circular-harmonic expansion of the
single-layer operator S on the boundary of a circle. They decay proportionally to 7, demonstrating the

continuity of S : H*(T') — H*TY(T). Each colour correspond to a wavenumber k. See Remark 5.1.

= Bo)=Ade A= TOHDGR)IRR) ~ 5 oo

We say that S “diagonalises’ in the Fourier basis: expanding the argument v in the €'Y basis, the action of S
corresponds to a multiplication of each coefficient 0y by a factor A, (exactly as when we multiply a diagonal
matrix and a vector). In Figure 15 we show the log—log plot of the factors A, for 0 < ¢ < 100, R =1 and
different values of k. The important observation is that the coefficients decay as A, ~ ¢71.

Recalling the definition of the fractional Sobolev norms (19) on the circle, this gives that [|Sv| ;.11 (5p,) <
Clvll s opy) for all s € R and all v € H*(T), or equivalently S : H*(dBg) — H**'(9BRg). This bound can
be proved rigorously for all boundaries I' and for a range of s that depends on the boundary regularity.

The continuity property S : H~2 (') — Hz (I) lets us write a variational form of the BIE (42). Recall
from §3.3.3 that H2(T) is the anti-dual of H~2(I'). So we can seek ¢ € H~2(T') such that

AW, €)= (5.6 11 oy by = 90 g by = FE) VEEHTH(D). (44)

A(-,-) and F(-) are the sesquilinear and the antilinear form of the variational problem. When ¢ € L?(T)
the duality products (-,-)r in (44) can be written as integrals over I'. Recall that when we deal with
BVPs for PDEs we obtain sesquilinear forms from integration by parts; with BIEs we simply multiply the
equation by a test function and integrate (using the duality product) over T.

Exercise 5.2: (Quasi-self-adjointness of S). Formula [CK2, (3.84)] for the singularity of ®; implies that
there is a constant C' > 0 such that sup, ycr [Pr(x,y) — 5= log 7l < C.

o (Difficult!) Deduce that the function I' = R, x — [|®x(x, ") | 12(r) is bounded.

You can use the definition of Lipschitz domain.

e (Easier.) Show that the single-layer operator S is “quasi-self-adjoint” [CGLS12, p. 120], i.e. for ¢, ¢ € L?(T)
it holds

/(Sw Sds(y /1/) S8)ds(y

Careful: to use Fubini theorem you need to verify that the integrand is integrable (L!) on a suitable Cartesian
product set.

e Show that S is not self-adjoint, i.e., in general, [,.(S¥) ¢ds(y) # [ v (S¢)ds(y).



Piecewise-constant BEM for the single-layer BIE |40| A. Moiola — February 27, 2023

5.2 PIECEWISE-CONSTANT BEM FOR THE SINGLE-LAYER BIE

We have seen that if we were able to find a solution % to the BIE (42) then we would have a solution
u = S of the EDP. In general we cannot solve the BIE analytically, thus we resort to a numerical method.

The boundary element method (BEM) consists of choosing an N-dimensional space Vy ¢ H~(T")
and looking for a ¥y € Vy that approximately solves the BIE (42). There are two ways of imposing the
BIE.

e Collocation-BEM. We choose N points x1,...,xy on I' and look for
Yy € Vv such that (Svn)(x;) =gp(x;), j=1,...,N.

e Galerkin-BEM. We restrict the variational form (44) to the finite-dimensional space Vy, as in (23).
In practice, all discrete functions we may want to consider belong to L?(T'), so we can write the
Galerkin-BEM as: find ¢y € Vjy such that

.A(wN,fN):/F(SLZJN)EiNdS:/FngiNdS:.F(fN) VfN e Vn.

We recall that H~= (') is a space larger than L2(I'), so it accommodates discontinuous functions. This
makes the construction of the discrete space Vy simpler. The simplest choice of Vi is the following:
we partition the curve I' in a mesh Ty (I') of N (possibly curvilinear) segments Ki,..., Ky C I' (with
Ujvzlfj =T and K; N Kj = 0 for j # j') and choose Vi to be the space of piecewise constant
functions on Ty (T).

The obvious basis {¢;}}L; of Vi is defined by ¢;(x) =1 if x € K; and ¢;(x) =0if x e '\ K.

We expand the BEM solution in coordinates as | ¢y = Z 1 Vi |, where ¥; = (¥); is the jth element

of the vector ¥ € C". So ¥n(x) =¥; if x € Kj.
With this discrete space and basis, in the collocation-BEM we choose the collocation nodes x; such

that x; € K; for all j =1,..., N and obtain the linear system éCOI\II = F°°! | where

ACL = (Sp)(x;) = / B1(x; ¥ )om(y) ds(y) = /K By(x;y)dsly),  FOO = gp(xy).|  (45)

m

Indeed, by the linearity of S, if ¥y is the collocation-BEM solution then its coefficient vector ¥ solves
A% = FOL.

N
F9 = () = ($0)00) = (8D o) 03) = 3 B (Si) ) = (A1)

m=1
To be able to evaluate the collocation-BEM right-hand side vector FC°! we need gp € C°(I"), which is
typically satisfied if the EDP comes from a scattering problem such as (33).
Similarly, if ¥ is the Galerkin-BEM solution, its coefficient vector ¥ solves éGal\Il = FCGa | with

A 5= M) = (Semoiir = [ (Seu)07300a50) = [ [ Bulx, ¥ ()50 ds(y) ds(x)
B = (o) = (o) = [ apGOFI0) ds(x). (46)

Choosing piecewise-constant basis functions on the elements K;, these expressions simplify to

5 = / [ vty dsty s, F= [ apodst)

J

Multiplying each row of A% and FCo! by the length of the corresponding element, we see that the
collocation-BEM is a Galerkin-BEM with a simple 1-point quadrature. Formally, one can also think at
the collocation method as a Petrov—Galerkin method with delta functions as test functions, but this is
not mathematically correct in the H*2 (T') framework because delta functions do not belong to H _%(F).
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Exercise 5.3: (Testing against constants is taking means). Show that the Galerkin-BEM with piecewise-
constant functions is equivalent to impose that the integral averages of Siyn and gp coincide on each element.

Both matrices ACOI and AG"“I are dense: this is a major difference between the BEM and the finite
element method (FEM). The Galerkin matrix is also complex-symmetric, but not Hermitian.

This shortcoming of the BEM with respect to the FEM is compensated by a dimensional reduction:
to solve a 2D problem we only need to mesh a 1D object, the boundary I'. Thus typically BEM requires
much fewer degrees of freedom (DOFs) than FEM for comparable problems and accuracies.

Another advantage of BEM is that it deals with a BVP posed on the unbounded domain 2, by
discretising only a bounded object, I'. To treat the EDP with FEM one has to truncate {2, as in
Remark 4.20, introducing additional errors, [Th198, §3].

The collocation-BEM is simpler to implement than the Galerkin-BEM. However, in many situations the
choice of the collocation nodes adversely affects the performance of the method. To improve the numerical
stability of the collocation method, often one chooses M collocation nodes with M > N (oversampling)
and solves an overdetermined rectangular linear system in the least-squares sense. If the datum gp is
discontinuous (which is possible since Hz(I') ¢ C°(T')), then the computation of FC! is not well-defined;
on the other hand, for typical scattering problems gp is continuous and piecewise smooth. Moreover, the
stability and convergence theory for the Galerkin-BEM is much more complete.

Figure 16: Scattering of a plane wave by an F15 figther aircraft, from [Chaillat, Groth, Loseille, 2018].
Left: the solution of (the 3d version of) the single-layer BIE (42) approximated with a piecewise-linear
collocation-BEM. Right: the mesh used, with more than 160 000 triangles.

Exercise 5.4: (Least-squares BEM). A third version of the BEM, after collocation and Galerkin, is a least-
squares formulation. In this case, one looks for ¢y € Vi such that [.(S¢n)(SEn)ds = [ gp(SEn)ds for
all £x € Vy. Compute the entries of the matrix éLS and the right-hand side FS of the corresponding linear

system. How many integrations are needed for each of them? Show that éLS is Hermitian and, if (42) is
uniquely solvable, positive definite.

5.2.1 BEM AND QUADRATURE

From (45) and (46) we see that to compute each entry of the system matrix we need to compute an
integral of the fundamental solution: it is a single integral on a mesh element for the collocation-
BEM and a double integral on the Cartesian product of two elements for the Galerkin-BEM. To compute
each entry of the right-hand side vectors, in the collocation-BEM we only need to evaluate the boundary
datum gp while for the Galerkin-BEM we need an integral over an element.

All these integrals require accurate quadrature formulas: these are among the main difficulties in a
BEM implementation. In particular, for both matrices, the diagonal entries require the approxima-
tion of singular integrals, because of the (logarithmic) singularity of ®x(x,y) at x =y.

Let us assume that €_ is a connected polygon and each mesh element is a straight segment.
For j = 1,...,N, the element K; has endpoints p; and p;y; and length h; := |pj+1 — p;| (of course


https://doi.org/10.1016/j.jcp.2018.06.048
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pn+1 = p1). The element is parametrised by X : (0, h;) = K, X;(s) := p; +s7;, where 7, := %
is the unit tangent vector to K.
Recalling the definition of the fundamental solution (38), the entries of the BEM matrices and vectors

are then computed as integrals over intervals and rectangles:

. h h;
i m )} J
ATl = 1/0 H (k[py + s7m — %) ds, F§°' = gp(x;), il = /0 gp(pj + s7;) ds,

hj hm 1 hj hTrl
A(j}'j,ll = / (/ Or(Pj +1tTj,Pm + 5Tm) ds) dt = i/ (/ H(gl)(k|pj — Pm 1T — 5T|) ds) dt.
0 0 0 0

Each diagonal entry of the collocation-BEM matrix is a singular integral, as x; € K; for all j. A
simple recipe to compute ACQ1 is to split the element in the two components of K; \ {x;} and apply
Gauss quadrature on each 51de To this purpose a Gauss—Legendre quadrature is a good choice, while
Gauss—Lobatto rules cannot be used as they involve the value of the integrand at the endpoints, where
the singularity is located. The obvious choice for the collocation nodes is to take the element midpoints:
x; = 5(Pj + Pjs1)-

The jth diagonal entry of the Galerkin-BEM matrix is a double integral on the square (0, hj)2 ={0<
s,t < h;}, whose integrand has a singularity along the diagonal s = t. One can use a quadrature formula
for triangles (e.g. based on Duffy transform) on each half of the square. Alternatively, splitting the square

in four triangle, exploiting the symmetries, and using the isometric change of variables & = ﬁ ,n = Sjg
(s = HT;’ t = T2§>’ we obtain
t
h;j hj \/’ hj 7
Ag?;l:/o i in (k\s—t|)dsdt—4/ (/ iHO (V2k¢) dn) d¢ d
hj .
(b (hc=vae) 1R 'y hy
- /O ( - vakg ag =0 S0 OH k0 ac el

This is a one-dimensional integral with a weak singularity at the endpoint ( = 0. Its approximation with
a Gauss—Legendre quadrature rule gives good results.

If all elements are identical, e.g. straight segments of the same length, then also the diagonal terms are
identical and they need to be computed only once: h; = hjy = A;; = Ajs ;.

In the Galerkin-BEM, also when two element share an endpoint we have a singularity. For example, if
the segments K; and K4 are aligned (7; = 7,41), we have

t Jgd4=5—h;
hjt1 !

Gal ki AR RN p 1ntegrand
A = o o ZHO (klhyj — s +1]) dt ) ds. ,»* singularities
— S
I' 1_7'

This is a double integral on the rectangle {0 < s < h;,0 < ¢t < hj41} with a logarithmic singularity at
the vertex s = hj, t = 0. Again, since the since the weak singularity is at the boundary of the domain of
integration, Gauss rules can be used.

Exercise 5.5: (BEM on non-polygonal I'). Write the entries of the collocation- and Galerkin-BEM when 2_
is not a polygon but a general Lipschitz domain and its boundary is defined by a parametrisation X : [0, L] — T.

Remark 5.6: (Singularity extraction quadrature). A typical technique to compute the singular integrals is

the “singularity extraction”. The small-argument asymptotics of the Hankel function (H(()l)(z) ~ % log 2z for

2\, 0) give P (x,y) = —5= log|x — y|+R(x,y) for a reminder R of class C. Inserting this in the expression

fA(;(;l/Gal one can compute analytically the terms coming from the log and use a standard quadrature for the

remainder R.

Once we have assembled and solved the BEM linear system, we have an approximation ¢ € Vi of the
solution ¢ € H~2(T') of the BIE (42). However to approximate the solution of the EDP (32)/SSSP (33),
we need to approximate u in the unbounded domain 2. Recalling the representation formula v = S
(43), the BEM approximation of u is

ux () = (SUn) () = | Bulxy)only Z‘P/ Bilxy)dsly)  x €0y
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Again, each term in this sum is an integral that needs to be approximated with a quadrature formula.
For all x € Q4 the integrand is C*°. However, if x lies very close to I' the accurate evaluation of uy (x)
requires a careful use of the quadrature as the integral is near-singular.

The function uy computed with the BEM is an exact solution of the Helmholtz equation and exactly
satisfies the Sommerfeld radiation condition. It is an approximation of the solution w of the exterior
Dirichlet problem (32) only because it satisfies the boundary condition on I" approximately.

Remark 5.7: (Resolution of oscillations). Another difficulty is due to the oscillatory behaviour of both
;. and the solution for large values of the wavenumber k.

A first issue is that to approximate the solution one needs to use more DOFs for larger values of k. See
Figure 17 for a simple visual justification of this statement. A typical recipe for “engineering accuracy” (a
few percent relative errors) is to use at least 10 DOFs per wavelength A. This means that the length of
each element should not exceed % = 7. (Sometimes the rule of thumb is to use 6 DOFs per wavelength,
corresponding roughly to kh; < 1, for 10%/15% error.) This implies that the number of DOFs must grow like
N = O(k) for increasing k: high-frequency problem are computationally very expensive. On the other hand, a
2D FEM needs at least O(k?) DOFs as the wavelength has to be resolved in two dimensions, which is a much
stronger requirement; the difficulties encountered by FEM in solving high-frequency problems are described e.g.
in [Ih198].

The fundamental solution oscillates with wavelength close to A = 27” Thus, even for elements K;, K,
far from each other, in the assembly of the matrices A°/“ one has to use a sufficiently accurate quadrature

formula to take into account the oscillations.

k=1 k=10
08Ff —J“(km) 08 H — Ju(k-’ﬂ)
. —— P'-interpolant . —— Pl interpolant
04 r 04 r
02r 02r
0 0
02} 02}
-04 -04
0 1 2 3 4 5 0 1 2 3 4 5
) k=1 ) k=10
08} — Jo(kz) 08 — Jo(k=)
sl —e— Pl-interpolant . —e— Pl-interpolant
04 04
02t 02
or or p
02+ D 02+
04 . - - —:/ 04 . . - .
0 1 2 3 4 5 0 1 2 3 4 5
Figure 17: The piecewise-constant (top) and the continuous piecewise-linear (bottom) interpolants of
the Bessel function Jy(kz) for different wavenumbers k = 1 (left) and k = 10 (right). In all examples,
the domain (0,5) is divided in a uniform mesh made of 10 segments. It is clear that at low frequencies
(k = 1) the interpolant is able to describe the shape of the function, while for high frequencies (k = 10)
it completely misses it. This tells us that when solving problems at higher frequencies with the BEM
we need to refine the mesh (at least) proportionally to k, see Remark 5.7.

Obvious improvements of the piecewise-constant BEM use piecewise-polynomial discrete spaces of
higher order. They can be discontinuous, or C°(T') or of higher continuity (at least away from corners
of T') such as splines. The choice of basis functions, collocation points and quadrature rules is in general
non-trivial. When I' is smooth one can use also global functions such as mapped trigonometric functions,
in the spirit of spectral methods. If T is a polygon (possibly with curvilinear sides), the BIE solution is
usually singular close to its corners: to approximate it efficiently one can use a graded mesh, i.e. a mesh
whose elements are smaller the closer they are to a corner.
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5.2.2 BEM CODING PROJECT

Implement the collocation-BEM method for the scattering of a plane wave by a polygon Q_.

Use a discrete space Vv of piecewise-constant functions. Choose a mesh such that the elements on a
given side of I' have equal length. Plot the scattered field uy and the total field on a portion of Q.
You can use the quadrature routine provided.

A possible suggestion for the main steps in the code:

. Initialise the geometric data structure. Given the vertices of the polygon, decide the number of

elements on each side, and generate (for each element K;) the endpoint p;, the length h;, the tangent
vector T, and the collocation point x;, chosen as the element midpoint. Choose elements with roughly
the same size.

(In Matlab it might be convenient to treat points and vectors in the plane as complex numbers with
the usual identification C ~ R?; then the abs function allows for immediate computation of distances.)

. Assemble the matrix éc"l (being careful with the quadrature) and the right-hand side FC°L.

You can use the Gauss—Legendre quadrature routine provided.

3. Solve the linear system.

4. Evaluate the near-field uy on a grid of points in 2D using the representation formula and plot it.

To generate the grid of points for the plot use meshgrid. To plot the field you can use one of the
Matlab commands pcolor (used for Figure 12), surf, mesh or contour. To hide the grid points that
lie inside ©_ you can locate them with inpolygon and set them to 0 or NaN (or use the command
patch).

Plot the total field u°® = uy + u'™: if it doesn’t vanish approaching I' then the code is not correct.

Plenty of interesting extensions are possible:

Choose as incident wave u™¢ a fundamental solution centred in some xo € €. (The total field
cannot be plotted close to xg.) You can also try more exotic incident waves, such as Herglotz functions.

Implement the problem of the scattering by multiple polygons, i.e. with {2_ made of several compo-
nents. Here Matlab’s “cell arrays” are useful to store vectors with different lengths in a single variable,
e.g., the coordinates of the vertices of polygons with different numbers of sides.

Implement the Galerkin-BEM for the same problem, on the same mesh. The only difference is in the
assembly of the matrix and the right-hand side. Compare the solutions obtained with the two versions
of the scheme.

Generate a time-harmonic animation of the scattered and total fields.

You can generate a .gif file using the script provided or export a video in various formats such as .avi.
Implement the singularity-extraction quadrature of Remark 5.6.

Use meshes that are locally refined towards the corners of I' to better approximate the solution
singularities.

Estimate and plot the Helmholtz Poynting vector S(u5°®!) defined in Exercise 2.13 (see Figure 13).

Scat

The Matlab command quiver may help. Approximate the gradient Vu with finite differences.

Study the dependence of the results on the parameters. You can see how the plots and the norms of
the solution vary when you change the number N of DOFs, the wavenumber k, the product kh, the
quality of the quadrature, the shape of 2_. ..

You can approximate the error committed by the scheme e.g. as [ — Yret|| 2y OF [[un — tret || 12(q,)
where Q. is (a subset of ) the portion of ;. where you plot the near-field and e /uret are the reference
solutions obtained with a very fine mesh. You can then plot the convergence of the error against N
or study its dependence on the other parameters. For instance: for increasing k, if the mesh is refined
keeping kh constant, how does the error behave?

Another way to estimate the accuracy of the numerical solution is provided by Remark 5.27.

How does the condition number depends on N7
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e Test the code (for a square scatterer) by computing the near-field error against the reference solution
provided.'® This was computed with MPSpack (https://github.com/ahbarnett/mpspack).

e Implement the collocation-BEM with oversampling, i.e. with M collocation points, N degrees of
freedom, and M > N. For instance take M = cN for some fixed ¢ > 1. Solve the rectangular
linear system in the least-square sense (with the backslash command). Does the accuracy of the
method improve? How does the cost increase? How does the position (equispaced, random,...) of the
collocation points impact the results?

e Solve the BEM linear system using an appropriate iterative method, e.g. GMRES. Study its per-
formance (number of iterations to reach a given accuracy, computing time...) in dependence of the
problem parameters (N, k, the shape of Q_,...).

e Extend the code to curvilinear polygons and/or smooth scatterers.

The use of the arclength parametrisation of the boundary makes the implementation simpler. Make
sure that the quadrature points lie on the curve T'.

You can test your code for a circular obstacle against the analytic solution obtained in Exercise 4.15.

e Implement a higher-order version of the BEM with (C°(I")) piecewise-polynomial basis functions of
degree p > 0.

e Extend the code to discrete spaces made of continuous splines of maximal regularity, i.e. piecewise-
polynomials of degree p with continuity C?~1(T"). In the collocation version of the scheme, for even p
choose the collocation nodes as the element mid-points (as we have done for p = 0), for odd p choose
them as the element endpoints. With this choice, the collocation BEM is well-posed and quasi-optimal
for sufficiently small h; see [Arnold, Wendland, 1985].

e Implement a spectral BEM on a smooth curvilinear scatterer.

Choose a smooth scatterer defined by a parametrisation X : [0,27] — I'. E.g. a shape often used as
example for scattering problems is the kite X (¢) = (cost+0.65(cos 2t—1), 1.5sint), [CK2, Fig. 3.1]. For
L eNand N =2L+ 1, choose as basis functions the mapped complex exponentials ¢,(x) = eizxfl(x),
—L < ¢ < L, or the corresponding trigonometric functions sin(¢/X~!(x)), cos(¢X 1 (x)).

Exercise 5.8: (Build your own quasi-resonance). When a plane wave impinges on a scatterer _ with a
simple shape, for example convex or star-shaped, it is possible to prove that some norm of the scattered field
is stable (does not grow) for kK — oo. On the contrary, if Q_ has a cavity (part of Q, which is connected)
that can “trap” a wave, the scattered field in the cavity can be extremely large.

Using your BEM code, try to find a polygonal scatterer that traps an incoming plane wave. Recall the
discussion of Dirichlet eigenfunctions (which exist only for bounded regions) in §4.2. With a simple polygon
with 12 sides it is not difficult to obtain a scattered field with magnitude [u5°®t| > 30 in some region (with
H“IHCHLOO(RZ) =1).

Careful: for a given domain only some wavenumbers will do. The computations in §4.2 might help you
choosing the right k for your trapping domain.

Exercise 5.9: (BEM vs FEM). Recall the approximation of the SSSP/EDP described in Remark 4.20 and
Exercise 5.14: Q. is truncated to Qr = Bgr \ ©_ and the homogeneous impedance boundary condition
OpuS® — ikuS = 0 is imposed on OBR.

Use the 2D FEM code you have implemented in the finite element course to discretise this BVP. Careful:
FEM basis functions (e.g. tent functions) are real, but the right-hand side vector and the coefficients of the
discrete solution are complex. Compare the results against those obtained with BEM.

Extra: Instead of the impedance condition, impose the DtN map (35) using circular harmonics. This is
harder and involves the assembly of a dense block in the matrix.

Remark 5.10: (Fast Matlab code). Often, most of the computational time in a simple BEM code is spent
evaluating the fundamental solution for the assembly of éCOI and the evaluation of uy. You can check how
much time is spent on each part of your Matlab code using the profile command, for instance

YLoad the .mat file provided. The vectors gx, gy contain the coordinates of the nodes of a Cartesian grid in the square
(—1.5,1.5)2. The matrix ui contains the values of an incoming plane wave with direction d = %(1, —1) and wavenumber
k = 20, in the the grid points exterior to the unit circle, and 0 otherwise. The entries of the matrix u are: the values of the
scattered field u = uS°t in the grid points exterior to the unit circle, the values of the total field wT% in the points interior
to the unit circle but exterior to the scatterer (—0.5,0.5)2, and not-a-number nan values inside the scatterer. You can plot
the total field with the commands

load MPSpackBenchmarkSquareScatt.mat; pcolor(gx,gy,real(ui+u)); shading flat; axis square;


https://github.com/ahbarnett/mpspack
https://doi.org/10.1007/BF01389582
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1 profile on; MyFunctionDoingWhatever; profile viewer

A simple implementation of the piecewise-constant collocation-BEM assembles the matrix A“°! using a triple
loop: over rows, columns and quadrature points. This requires N2q calls to the function besselh, where g is
the number of quadrature nodes per element (ignoring the different treatment needed for the diagonal terms).
However, we know that Matlab is most efficient if we reduce as much as possible the use of nested loops and
apply functions such as besselh to few vectors (as opposed to many scalars). You can observe this with

1 ' n = 5000; A=rand(n);

2 B=ones(n)*1i; C=ones(n)*1i; 4 Inittalise complexz matrices

3 tic; B=besselh(0,1,A); toc

1+ tic; for j=1:n; for jj=1:n; C(j,jj)=besselh(0,1,A(j,jj)); end; end; toc

Keep this in mind to write a fast code: avoid loops and minimise the number of calls to the fundamental
solution.

5.3 GREEN’S INTEGRAL REPRESENTATION

The Green’s integral representation, or Green’s third identity, is an important tool to derive new BIEs
and BEMs, and to understand the properties of the corresponding BVPs. It extends Green’s second
identity (21). We write it and prove it for bounded and unbounded Lipschitz domains.

We keep using the notation introduced in §4.3. In particular, we recall that the unit normal n on the
boundary of the bounded domain €_ is defined to point outwards, into the complement €2, ; this enters
the definition of the Neumann trace d,. Since the fundamental solution ®; depends on two variables, we

write 8‘2’; ((’:c)y ) and 045,; ((x’y) to make clear which is the variable with respect to which we derive and take
y)

the trace. We recall that when we write [, ¢t ds for ¢ € H~2(09) and ¢ € Hz(99) (or vice versa) we
mean the duality product {p, ¥)r.

Theorem 5.11: (Green’s representation in _). Let Q_ be a bounded Lipschitz domain and u €
HY'(Q_;A) N C?%(Q-) be a Helmholtz solution in 2_. Then:

_ _ 0Py (x,y) _Julx) ifxeQ,
[ (oruimey) —omun 2500 ) ds(y)—{o by (@

Proof. If x € Q, then both u and &} are Helmholtz solution in 2_ thus the volume integral in Green’s
second identity (21) vanishes and what is left is (47).

If x € Q_ we take € > 0 such that the ball B.(x) := {z € R? : |z — x| < ¢} C Q_. Applying again
Green’s second identity in Q_ \ B¢(x) we have

_ _ 0Pk (x,y) _ " ) — v 0P, (x,y) s
/F<anu(Y)q)k(XaY)_7 “<-Y)an(y)> ds(y) = /836(){) <<’9n (¥)Pr(x,y) =7 (Y)ian(y) )d (¥),

r

where n points into the ball (this is why we have a minus sign in front of O
/. 9 Be(x)). We now want to take the limit for ¢ N\, 0 of the right-hand side,
and see that the first term vanish, while the second converges to u(x). The
advantage of using a ball centred at x, is that on its boundary the value
of ¥, (x,-) and its normal derivative are constant.

To this purpose, we need some properties of Hankel functions: the formula for the first derivative of
H(()l) and the asymptotics for small arguments (from [DLMF, §10.7]):

2Z
?7

I p0Gy = —HYG),  HOG) ~ Blogz,  HO ()~ —i(0—1)!
7T m

55 o leN, z— 0. (48)

(Here a(z) ~ b(z) for z — 0 means that lim.« o Z((j)) =1.)
We take the limit lim._,o of the first term using the expression of the fundamental solution, the
divergence theorem, divV = A, Au = —k?u, the asymptotics (48), the mean value theorem (in the form


https://dlmf.nist.gov/10.7
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lim L J5.x) f(¥) dy = f(x)), the boundedness of u in x:

e—0 Te?

[ )@y dsty) =B ) [ dnuly)ds(y)
9B.(x) 9B, (x)

1
— 11O [ Auly)dy
B (x)

- _iH(g”(ke)kz’/

o .
u(y)dy ~ —i (—1 log ke) k2 me®u(x) 0.
Be(x) ™

Using the expression of the radial derivative of ®j, the asymptotics (48), the mean value theorem
(lim ﬁ f(r‘)Be(x) f(y)ds(y) = f(x)) we get

e—0

[ sy <kl 1) [ ay)asty)
0B (x)

on(y) . .
~ ki (;71‘) /BB N u(y) ds(y) ~ (%ﬂ)zmu(x) = u(x).

(The first of the two limits lim._¢ |, OB.(x) """ vanishes, while the second one is non-zero: this is because
the singularity of the first derivative of the fundamental solution ®y is stronger than that of @ itself, so
it compensates the infinitesimal length of the circle on which it is integrated.) O

Green’s representation formula allows to compute any Helmholtz solution from its two traces.

Representation (47) also explains why we chose the coefficient I in the definition (38) of ®y: it allows
to write a simple Green’s representation.

From Green’s representation it follows immediately that:

Corollary 5.12: (At least one trace is non-zero). If u is a Helmholtz solution in Q_ and v~ u = 9,u =0
then u = 0.
In particular, u # 0 is not simultaneously Dirichlet and Neumann eigenfunction in Q_ for the Laplacian.

We have seen at the end of §4.2 that the solution of the impedance BVP (27) in §)_ satisfies a Fredholm-
type variational problem. We have also seen that the solution ug of the homogeneous impedance BVP
has zero traces: v ug = 05 ugp = 0. From Green’s representation (47), ug = 0, so the operator associated
to the sesquilinear form Aj(-,-) is injective. Since the operator is Fredholm, by Theorem 3.12 it is also
invertible and the following corollary holds.

Corollary 5.13: (Well-posedness of interior impedance BVP). The impedance BVP (27) (equivalently,
(28)) in Q_ is well-posed.

The Fredholm alternative implies that the solution of the impedance BVP (27) exists and is unique,
and also that its H(£2_) norm is controlled by the norm of the data (f and g;). However, the bounding
constant is not explicit as in the situations where we can use Lax—Milgram theorem.

Exercise 5.14: (Truncated BVP). Let Qp = Br \ ), where By is an open ball containing Q_. Write a
truncation of the EDP (32) to g, as described in Remark 4.20 imposing impedance boundary conditions on
OB g and sound-soft conditions on I". Show that the BVP obtained is well-posed.

Remark 5.15: (Green’s representation with volume term). If u in (47) were not Helmholtz solution we
would need to add to the left-hand side of Green’s representation the volume integral term — fQ, (Au(y) +

k?u(y))®r(x,y) dy. When x € Q1_ the integrand is weakly singular, see (48), and the integral is well-defined.

Remark 5.16: (Green'’s representation in 3D). In the 3-dimensional case all the arguments are similar. The
. . . iklx—y| . .
fundamental solution has the simpler expression @ (x,y) = m, which does not involve Bessel and Hankel

function, so checking the limits for € N\, 0 is simpler.

To write a Green’s representation formula for unbounded domains,
we denote by By the ball of radius R > 0 centred at 0 and fix n = % r
on 0Bgr. We work in the bounded region Br N, for sufficiently n
large R and use Sommerfeld condition to take the limit R — oo. The
unit normal n points into Bgr N4 on the inner boundary I' and out OBR

of Bg N on the outer boundary 0Bg. BrNQy
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Lemma 5.17: (Properties of radiating solutions). Let 2 be a bounded Lipschitz domain, T" = 0Q_,
Q4 =R?*\Q_, and u,w € HL (Q1;A) N C?(2) be two radiating Helmholtz solutions in Q. Then:

lim lu|* ds < oo, %/ Onu~yuds >0 lim (Onu w — udpw)ds = 0. (49)
R—oo Jop, r R—00 JoBR

Proof. We first prove the boundedness of the limit of [|u[|;2(y5,)- The imaginary part of Green’s first
identity (20) with w =@ in B N Q4 gives

S‘s/ Onuyuds =S Onu yuds + S/ (2|u)® — |Vu|?) dx
r OBRr BrNQ4

=0, imaginary part of real value

1
= — (K?|ul® + [Onu)® — |Onu — ikul?) ds

2k "
where we have used the identity |a — ib|? = |a|? + |b]? — 2R{a b} = |a]? + |b|* — 23{ab}, which holds for
all a,b € C, applied to a = Ohu, b = ku. Taking the limit for R — oo, the term fBBR |Onu — ikul? ds — 0,
by the Sommerfeld condition (31). The left-hand side is independent of R, thus

. 1 2 2 2 —
Jimn o (7 el 0m) + 10030, ) =3 | Ouuwruds < oo

Since the norms are non-negative and the limit is finite, each of them is bounded, which is the desired
inequality. In particular v = O(r~'/2) for r — co. Moreover the left-hand side is non-negative, so also
the second inequality is proved.

The Sommerfeld condition, together with u,w = O(r~1/?), gives the identity involving w:

/BBR(anu w — wpu)ds = /BBR ((lku + 0(3—1/2)) w — u(ikw + O(R—1/2))) ds

:/ (0(3*1/2)0(3*1/2)—O(Rfl/Q)o(R*W)) ds:/ o(R™1)ds 222 0.
OBRr OBRr

O

Recall that we have already seen in Theorem 4.25 (Rellich’s lemma) a stronger version of the second
inequality in (49): if this integral is 0 then u = 0 (see the first formula in the proof to relate the integrals
on I" and on 9BR).

The Sommerfeld radiation condition can be extended to problems with complex wavenumbers with
Sk > 0, Lemma 5.17 holds also in this case, see [CK1, Thm. 3.3].

Theorem 533 (Green'’s re@sentation in Q). Let Q_ be a bounded Lipschitz domain, T' = 9Q_,
Qp =R2\Q_, and u € H} (Q4;A) N C?(Q4) be a radiating Helmholtz solution in . Then:

0P (x,y) _Jo ifxe_,
- [ (Brummnexn) - ) T ) asty) { | (50)

u(x) ifxe .

Proof. Let R > 0 be the radius of a ball such that I' C Bg and, if x € Q, also x € Bg. Then Green’s
representation (47) applied in 24 N By gives

(.~ ) (@ i e o = {0 XED

Taking the limit for R — oo, the integral over dBg vanishes by the identity in (49) and we conclude. [

Corollary 5.19: (There are no entire radiating solutions). Let u; € HL_(Q4;A) be a radiating
Helmholtz solution and u_ € H'(Q_;A) a Helmholtz solution. If they have the same traces on T, i.e.
ytuy =~v"u_ and OFfuy = d5u_, then uy =0 and u_ = 0.

In particular, the only radiating Helmholtz solution in the whole of R? is u = 0.
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In this corollary, the assumption that the solution is radiating is necessary: plane waves and smooth
Fourier-Bessel functions are Helmholtz solutions in R?, but not radiating. The radiating Fourier-Hankel
functions are not defined in the whole of R? as they are singular at the origin. Intuitively, the corollary
says that all radiating solutions “go towards infinity” and they need to have a source somewhere; on the
other hand, plane waves are not radiating and have “a source at infinity”.

We have evaluated the integral in Green’s representation in x € Q_UQ, = R?\T'. What about x € I'?
We extend Green’s representation (47)/(50) to this case.
For x € T define

1
o(x) := lim —/ ds.
=0 27€ Jyeq  |y—x|=c

If T is C! in x then o(x) = §; if I' forms an angle with opening a at x then o(x) = £. By Rademacher
theorem (Lipschitz functions are differentiable a.e.), for a Lipschitz ', o = % almost everywhere on T'.

Lemma 5.20: (Green’s representation on I'). Let u € H'(Q_;A) N C%(Q_) be a Helmholtz solution.
Then

8<I)k (X7 y)
on(y)

If ue HL (Q1;A) N C°(€Q) is a radiating Helmholtz solution then

0Pk (x,y)
In(y)

/ (anu<y><1>k<x,y>—w<y> )ds<y>=a<x>u(x> xer. (51)
T

-/ (axu<y>¢k<x,y>—w+u<y> )ds<y>=(1—o—<x>)u<x> xel.  (52)

Proof. We prove the first identity, the second one is analogous.
For simplicity we denote the integrand with the shorthand

a‘I)k (Xa y)

* = Oy uy) P y) =7 uly) =5

For x € T', we apply Green’s second identity on Q_ \ B.(x) (see figure). Its
boundary is decomposed in I'\ B.(x) and 0B.(x)N{_; on both parts we choose
n pointing outwards:

o:/ - *ds<y>=/ *ds<y>+/ * ds(y).
A(Q_\B.()) '\ B. (x) OB, (x)N2_

The limit for € — 0 of the integral over '\ B.(x) is exactly the integral of the same integrand over the
whole T, the left-hand side of the assertion (understood as a Cauchy principal value):

/F*ds(y) = lim * ds(y) = — lim * ds(y).

€20 J1\ B, (x) €20 JaB. (x)nQ_

Proceeding as in the proof of Theorem 5.11 we see that lim._o [;5 ()N O u(y)®r(x,y) ds(y) = 0,
while the last term gives:

/BB (x)NQ V_u(y)(w ds(y) = ki Hfl)(kﬁ)/ u(y)ds(y)

B, (x)NQ_

Nki (;Ti) /33 (N0 uly) ds(y) ~ (i)%a(x)eu(x) = o(x)u(x).

O
We summarise Green’s representations (47), (50), (51) and (52) as follows. With u as in Lemma 5.20:

Au+Kku=0inQ_ :

u(x) ifxeQ_,
n -7 u 9%, y) s(y) =qo(x)u(x) ifx
/F (f% u(y)®r(x,y) — v uly) an(y) ) ds(y) O( Ju(x) ii - E ;Jr

Au 4+ k*u = 0in Q, radiating:
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0 ifxeQ_,
- [ (aru @y - um 2 ) asi) = § (1 otut) ifx e,
r In(y) u(x) if xe Q.

Exercise 5.21: (Fundamental solution and delta function). Show that the fundamental solution deserves
its name: for any y € R?, it satisfies —A®y(-,y) — k?®x(-,y) = dy in distributional sense, where &y is the
Dirac delta at y.

This means that [, ®x(x,y)(Ap(x) + k*p(x)) dx = —p(y) for all p € Z(R?) and y € R?.

Hint: integrate by parts in R? \ B.(y) and take the limit for ¢ — 0 using the technique of the proof of
Theorem 5.11.

Show that for f € D(R?), u(y) := [ ®r(x,y)f(x)dx is solution of the inhomogeneous Helmholtz
equation —Au — k?u = f and is radiating.
The operator V : L*(D) — H} (R?), Vf(y) := [ Pr(x,y)f(x)dx, for a bounded D C R?, is called
“volume potential” and is used to construct the “volume integral equations”; see [CK2, Ch. 8].

Exercise 5.22: (Discrete-valued field). Find a field v € C°°(R?) and a bounded, Lipschitz, connected
domain Q_ such that the function Z : x ’fr (O u(y)Pr(x,y) — v~ uly) 22:bey)) ds(y)’ takes exactly the

on(y)
values 0,1,2,4 for x € R2.
Despite the function Z is defined by the same formula for all x € R?, it takes exactly 4 different values.

5.4 DOUBLE-LAYER POTENTIAL AND OPERATOR

Green’s representation formulas (47) and (50) mean that all Helmholtz solutions in _ and all radiating
Helmholtz solutions in 4 can be written as boundary integrals over I'. The integral of dpu ®j is the
single-layer potential St for ¢ = 9Fu we already know from (39). Now we are evaluating (Sv)(x) for
both x € Q4 and x € Q_, so we are extending the definition of the single-layer potential (39) to all points
in the complement of T':

(S9)(x) == / B(x.y)o(y)dsly)  x €9, UQ.

r

In particular, for any ¢ € H-z (T"), S is a Helmholtz solution both in Q_ and Q4 and is radiating. With
the same reasoning as in (41) (see footnote 18), the Dirichlet traces from both sides of I' coincide:

YH(SY) =7 (Sy) = Sy

In particular, if v» € C°(T), then Sy € C°(R? \ T') admits an extension in C°(R?) but not in C*(R?)
because, as we will see, the normal derivative of S is discontinuous across I'.
The second term in (47) and (50) is a new potential:

o) = [ T umase)  xen v, (53)

This is called acoustic double-layer potential.2® For a function v on T, sufficiently smooth, St is a
smooth Helmholtz solution in both 2_ and 2., and satisfies the radiation condition. It can be proved that
it is continuous as mapping D : Hz (I') — HE (Q-UQ,), [CGLS12, Thm. 2.15] (here we need the density
to be in Hz2 (T"), while for the single-layer potential H —3 (T") was enough, this is because the singularity of
V&, is stronger than that of ®y).

Then Green’s representation can be written as:

if u is Helmholtz solution in 2_ : u=80,u—Dy u in 2, (54)
if u is radiating Helmholtz solution in Q4 : u=-80fu+DyTu inQ,.

This means that any radiating Helmholtz solution is known once we know the “Cauchy data” yu and Onhu,
i.e. its Dirichlet and Neumann traces.

20The double-layer potential has this name because it can be thought as the acoustic potential generated by two “sheets” of
0Pk (xy) _
on(y)

charges with opposite signs, parallel to I, in the limit when the distance between the sheets decreases to 0 (from

limgs_,q %(fbk(x, y +dn) — & (x,y — dn)). In electrostatics (Laplace equation) this would be a layer of dipoles.
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As we did for the single-layer, we can define the double-layer operator:

aq)k(xv Y)
r On(y)

If T is of class C? and ¢ € C°(T"), then Dt is well-defined as a standard (weakly singular) integral and
Sy € C°(T"). On the other hand, if T is only Lipschitz and 1 € L?(T), then Dy must be understood as
Cauchy principal value:

(DY) (x) == P(y)ds(y) xel. (55)

(DY) (x) = lim 9%k (x,y)

Y(y) ds(y a.e. x €.
=0 I'n{y:|y—x|>e€} 8n(y) ( ) ( )

Then Dy € L3(T).

Exercise 5.23: (Double-layer operator on straight segments). Assume that ', C T is a straight segment
and that ¢ € C°(T") is supported in I'.. Show that (Dv)(x) = 0 for all for all x € ..
Hint: you do not need the precise value of @ but only that it depends only on |x —y|.

We have seen in (41) that S = S. One might expect that D = D, but this is not the case.
The assertions of Lemma 5.20, Green’s representation on the boundary, can be written in terms of
layer operators as (compare against (54))

‘ SO u— Dy u =07y u, Dytu— Sofu=(1- o)y u. ‘ (56)

Now let u be a Helmholtz solution in 2_ and denote 1 := y~u € H=(T'). We have

Green repr. single-layer
(47) trace (56)

v=7"u v~ S0, u—~ Dy = (1) So u—~v "Dy and o =" S0, u— D

Taking the difference between these two equations we have the Dirichlet trace formula for the double-
layer potential:

7Dy =Dy — (1- o), YDy = Dy + 09| (57)

The second of these equations is obtained similarly using (50) in place of (47) and (52) in place of (51).

Recall that o = % in all smooth points, so (57) reads almost everywhere as

1 1
yEDy = Dy + 51&, or, in operator form, v D =D + 5],

where I is the identity operator. All these formulas tell us that the Dirichlet trace of D is not simply D
but a correction term is needed, due to the singular behaviour of 66%. Taking the difference between the
two equations in (57), the correction terms :t%’(/} give the jump relation:

[VDy] := "Dy — v~ Dy = 4.

Given a @ on the boundary I', the double-layer potential Dy is a radiating Helmholtz solution in the
complement of I', whose jump on I' is 9 itself.

For simplicity, in the following we write % instead of o and 1 — o, with the implicit convention that
equalities on I" hold almost everywhere (everywhere except at corners).

5.5 NEUMANN TRACES OF THE POTENTIALS: TWO MORE BIOS AND JUMP
RELATIONS

In the previous section we have learned how to construct fields in Q_ U from distributions defined on I':
Ve HT5(T), Ve HE(I), Sy, Dp e HY(Q;A) x H, (0 A) (58)

are radiating Helmholtz solution in the complement of the boundary I'. Moreover, the Dirichlet traces of
S coincide: TSy =~ 8Sy, so Sy € H (R?* A), while Dy is discontinuous on T, (57).
We now want to look at the Neumann traces of Sy, Dy. To this purpose, we need to introduce two more

BIOs (the last ones!): the adjoint double-layer operator D’ and the hypersingular operator H:

_ a(I)k(X7Y) 0 8@k(xay)

(D'e)(x) := FT(X)@(YNS(Y)’ (He)(x) := on(x) Jp  on(y)

p(y)ds(y), xel.| (59)
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Note that D’ differs from D only in that the normal derivation is taken with respect to a different variable of
®;. If T isnot C2% or p ¢ CO(T), the adjoint double-layer operator has to be understood as a principal value
integral, in the same way as D. Its name and notation are due to the identity fF(Dga)w ds = fF w(D'Y)ds,
valid for all ¢,v € L?(T'), which can be proved using Fubini theorem and with some complications due to
the singularity of the integrand, [CGLS12, eq. (2.37)].

The hypersingular operator is more complicated: it has to be understood as a limit (Hy)(x) =
lim,_,x n(x) - V(Dy)(z), for a suitable choice of the points z. In its definition we are not allowed to move
8%(::) inside the integral because the second derivatives of ®; are not integrable.

The main properties of the BIOs are their relations with the traces of the two layer potentials:

1
7ES =8, VD =D+ -1,
2 (60)

oxES=D'T %I, XD =H.

Here I is the identity operator. We have already derived the formulas of the Dirichlet traces, those for
the Neumann ones are proved in a similar way, [CK1, §2.4-2.5]. Taking the difference between outer and
inner traces we find the jump relations (we have already encountered those for the Dirichlet traces)

[vSy] =y Sy — v~ Sy =0, [vDy] =+t Dy — v Dy =1,

[0aS¥] =01 Stp — 05 Stp = —, [0uDY] = 05 Dip — Oy DY = 0. (61)

From (60), using (58) and the trace theorem 3.7, the mapping (continuity) properties of the BIOs follow:

S:H 3(I) — H3(I), S
/\
D:H*(T) — H*(T), D’ H-3(I) H3(T) D
D' H 3(T) = H3(D), Y
H:H*(T) — H 2(I).
From (60) we also see that all four operators are averages of traces of the potentials:
+ - + -
YTS+9~S D+~"D
s=fsp=1"012 p=gypp=1"102
+ o =D -D
D/={8n8}2%7 H:{{anp}}:w.

These formulas can be taken as alternative rigorous definitions of the four BIOs, given those of the two
layer potentials (see e.g. [SBH19, §14.2] for a PDE different from Helmholtz).

Remark 5.24: (BIOs notation). There is no universal notation for boundary integral operators and sometimes
the same symbol is used by different authors to mean different BIOs: comparing references can be a nightmare.
To help navigating the literature, we list here the notation used in several good references on BIEs for Helmholtz
(some of these only consider the 3D case).

& |S D |S D D H

(38) ] (39) (53) | (40) (55) (59) (59)
[Spence14, P. 36], [CGLS].2, pPpP. 108—113] (I)k Sk Dk Sk Dk D; Hk
[SayasO6, §3,§111] (b SF DF VF KF KIE WF
[CK1, §2.7], [CK2, (3.8-11)] > S K K T
[NedO1, p. 116] E S D D N
[SS11, §3.9] Gp | Sy Dy | Vi Kp K, W
[Antoine, notes 2012, §3.3] G |L S |£L N D
[Hsiao and Wendland 2008, §21] Ek Vk Wk Vk Kk K,; Dk
[Martin 2006, §5.1-5.3] ¢ |sS D |S K K N
[McLean 2000, pp. 217-218] G |SL DL|S T T R
[Steinbach 2008, §6.9] (W used for Laplace d.l.p.) | U} Vi Vii Ky K, Dy

Moreover, in some cases the hypersingular operator H is defined with the opposite sign, e.g. [Sayas06, §11.1].

In other cases all four BIOs include a factor 2 [CK2, eq. (3.8)-(3.11)] (to avoid the factor  in the trace

relations). [Martin, (5.1)] defines the fundamental solution as (—2) times our (standard) definition.


https://www.researchgate.net/publication/274959860_Introduction_to_integral_equations_for_time_harmonic_acoustic_scattering_problems
https://doi.org/10.1007/978-3-540-68545-6
https://doi.org/10.1017/CBO9780511735110
https://www.cambridge.org/it/academic/subjects/mathematics/differential-and-integral-equations-dynamical-systems-and-co/strongly-elliptic-systems-and-boundary-integral-equations?format=PB&isbn=9780521663755
https://doi.org/10.1007/978-0-387-68805-3
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Remark 5.25: (Explicit double-layer formulas). Using %Hél)(z) = —Hfl)(z), we can write more explicit

formulas for the double-layer and the adjoint double-layer operators:

o) = [ 10— y) B i) asgy),
o)) =5 [ a0 -y T gy ),

From this formulas, we see that if I" is a polygon and E is one of its edges, the points y € E do not
contribute to the computation of (Dv)(x) for x € E, because (x —y) -n(y) =0. So Hl(l) is evaluated only
for |x —y| > dist(x,0F), i.e. away from the singularity. The singularity in the integrand has to be treated
carefully when x is very close to a corner, while it is harmless otherwise. If T is smooth then % — 0

|x
for y — x, partially compensating the strong singularity of Hl(l).

5.5.1 SINGLE-LAYER POTENTIAL IN Q,, VALUE OF % AND FAR-FIELD PATTERN

Consider the SSSP (33) and the corresponding single-layer BIE S¢) = gp (42). The representation formula
uS = (Stp)|q, (43) gives the value of the scattered field in Q. as a single-layer potential. Denote by u~
the same potential evaluated inside the scatterer Q_, i.e. v~ = (S¥)|q_. Then u~ is a Helmholtz solution
in Q_ with trace y"u~ = vy~ S¢Y = S = gp = —yu'™*. We now assume that: (i) k? is not a Dirichlet
eigenvalue and (ii) u™¢ is an incoming wave that is Helmholtz solution also in Q_, e.g. a plane wave.
Then, by the uniqueness of the solution of the interior Helmholtz Dirichlet problem (Proposition 4.6),

(SY)la. =u"

_ _UIHC‘Q_.

(62)

This equality has a few useful consequences.
From one of the jump relations (61) we can relate the BIE density ¢ to a “physical” quantity, the
Neumann trace of the total field:

VY = —[0nSY] = 05 8¢ — OF St = O (—u'™) — O w5 = —9u™".
This allows to compute the Neumann trace of the scattered field from the data and the BIE solution as

+, Scat __ Inc
Op u”® = —1) — Opu "°.

BIE solution density v = -9, utet BIE solution density v = -9, utot
120 : ; : : 200 : ; ‘ ‘
—R(y) — R(y)
100 + 1501 Alzélu)
8ot
100}
60
40 50
20 - ol
0 L
-50
-20
-100
-40
-60 ‘ ‘ ‘ ‘ ‘ ‘ -150 ‘ ‘ ‘ ‘ ‘ ‘

0 0.5 1 15 2 2.5 3 3.5 0 0.5 1 15 2 25 3 3.5
Figure 18: Left: the density 1 = —9Fu™" for the problem of Figure 12 with k = 20, computed with
the BEM of §5.2. The z-axis represent the curvilinear abscissa along the boundary of the triangle T,
starting from the lower-left vertex and proceeding anticlockwise. We observe that v oscillates on the
two illuminated sides of T', is small (but non-zero) on the shadow side, and has singularities at the three
vertices. Right: the same for k = 40.

We recall from Remark 4.21 that the far-field pattern of the scattered field is the function us, € C°°(S!)

such that 15t (x) = %(um(e) + O(r~1)). Its explicit formula (34) requires the value of 9 u5 on T.
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We can use the formula that we have just obtained to compute the far-field pattern of the scattered field
(solution of the SSSP (33)) from the BIE (42) solution :

uoo(a) eli (,y—&-uScat(y)ane—iky-d _ a:uScat(y)e—iky»d> ds(y)
j% (=7 ()B4 4 (6(y) + O™ (y))e ) ds(y)
/1/} e dds(y) d = (cosb,sinf).

The last equality comes from Green’s second identity (21) in Q_, applied to u™° and the plane wave
y — e ¥4 (vecall that here we have assumed that the datum u!"¢ is a Helmholtz solution in 2_).

Exercise 5.26: (Far-field pattern with BEM). Use your BEM code to approximate the far-field pattern of
the field scattered by a polygon; see an example in Figure 14.

Remark 5.27: (Checking BEM accuracy). The formula (Sw+u™¢)|q_ = 0 is useful to check the correctness
of a BEM implementation of the BIE (42). The routine used to evaluate the numerical near-field uy = Sy
in a portion of €2, can be used to approximate S in 2_. The value |S¢n + u'™¢| in Q_ must be small for
an accurate BEM implementation and must decrease to 0 when the BEM mesh is refined.

Choose a simple domain T compactly contained in Q_ and test your BEM code by computing the value
H&pN —|—uI“CHL2(T) / HuI“CHH(T) and see how this ratio depends on the problem parameters and on the

numerical ones (k, Q_, N, quadrature,...). (The reason for taking Y instead of Q_ is that the convergence
to zero of (Svn + u'™¢)(x) for N — oo is slow for x € Q_ close to T'.)

Remark 5.28: (Kirchhoff/physical optics approximation). We know from the analysis in §4.1 that, when a
plane wave u™¢(x) = e!**'d is reflected by an infinite flat Dirichlet obstacle, then the corresponding total field
satisfies Opu™t = 20,u'™°, where n is the unit normal to the obstacle. We can imagine that when the same
wave hits a flat part of a “very large”, convex, bounded, obstacle 2_ then, at least locally, it behaves as if the
obstacle was infinite. For a time-harmonic wave, “very large” means much larger than the problem wavelength
A= 2% This suggests to approximate the BIE solution ¢ = —9uT°" with

YPO {—QOHuInC = —2ikd - nu™® on the part of I where d - n < 0 i.e., in the part illuminated by u™¢
“\o

on the part of I' where d - n > 0 i.e., in the shadow part of T'.
(Recall Exercise 4.4.) Then one can compute u”’? = S(y'?) as an approximation
of ©5°* Numerically, this only requires approximating the representation formula,
with no need to solve linear systems or to approximate BIEs. This is called Kirchhoff
or physical optics approximation (sometimes geometrical optics approximation), see
[CK2, pp. 57] and [CGLS12, §3]. Physically, it corresponds to taking into account
only the reflection of the incoming wave disregarding more subtle phenomena such
as diffraction by the corners and/or the curved parts of I'. This can be accurate
only for large values of k.
Figure 18 suggests that indeed, for the example with triangular Q_ of Figure 12,
1 is close to 0 on the hypotenuse (in the shadow) and close to —20,e'**'4 on the
other sides. The physical optics approximation completely misses the singularities
of 1 at the corners of the polygon.

Exercise 5.29: (Physical optics approximation vs BEM). Compute the physical optics approximation 1*©
and ©? and plot them against 1 and uy for a given convex polygon and u™°. Plot some norm of their
difference as function of the wavenumber.

Remark 5.30: (Geometrical theory of diffraction). The Kirchhoff approximation described in Remark 5.28
does not include diffraction phenomena, e.g. it incorrectly predicts d,u™ = 0 in the shadow region {x €
I',d - n(x) > 0} of the boundary. An improvement is the Geometrical Theory of Diffraction (GTD) developed
by J.B. Keller. Assume that €_ is a convex polygon and that the incoming field is a plane wave. Let
x : [0, L;] = T'; be the arclength parametrisation of the side I'; of Q_. The GTD predicts that

w(x(s)) = —Opqu™t (x(s)) = PO (x(s)) + vj(s)eiks + vy (Lj — s)e ks,
+

where v}~ are non-oscillatory functions that are singular at s = 0 and smooth for s > 0. This means that
Ylr, is sum of the physical-optics approximation and of two waves creeping along I' in opposite directions
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and that singularities may appear only at corners. This is consistent with what we see in Figure 18 and is the
starting point for the construction of the very efficient “hybrid numerical-asymptotic” (HNA) BEM schemes,
see [CGLS12, §3].

6 WELL-POSEDNESS AND ERROR ANALYSIS

6.1 WELL-POSEDNESS OF THE SINGLE-LAYER BIE

We want to study the well-posedness of the single-layer BIE Sv = gp (42). To this purpose, we want to
verify that the single-layer operator S : H~2(I') — H=(T') is (i) injective and (ii) Fredholm. When both
conditions are satisfied, then Fredholm alternative (Theorem 3.12) implies that S is invertible and the
BIE is well-posed. However, injectivity is not always true: the EDP (32) is always well-posed (§4.4) but
its BIE (42) might fail.

6.1.1 INJECTIVITY OF THE SINGLE-LAYER OPERATOR

As in §4.2, two cases may happen:

o If A = k2 is a Dirichlet eigenvalue in Q_, then there exists an eigenfunction w # 0 such that Aw +
k*w = 0 and y~w = 0. Define ¢ = d,w. By Green’s representation (47), w = SO, w — Dy~ w =
S0, w = SY. Then ¢ # 0 because a non-trivial Dirichlet eigenfunction has non-trivial Neumann trace
(Corollary 5.12) and Sy = v~8% = v~ w = 0. In this case the single-layer operator is not injective:
0 # ¢ € ker S. The BIE (42) is not well-posed.

o If A = k2 is not a Dirichlet eigenvalue in _, then assume that Sy = 0 and define u = Sv. We
have that u~ = u|q_ is Helmholtz solution in Q_ and y"u~ = vy~ 8¢ = S¢ = 0. But the interior
homogeneous Helmholtz Dirichlet BVP is well-posed by Proposition 4.6 and admits only the solution
u~ = 0. Similarly u™ = ulq, is a radiating Helmholtz solution in Q. with yTu™ =TS8y = Sy = 0.
By the well-posedness of the EDP of §4.4 also «™ = 0. The jump relation (61) gives ¢ = —[0nS¥] =
—0Ffu™ + 05 u~ = 0, so the single-layer operator is injective.

Combining with Proposition 4.6 we obtain the following fact.

Lemma 6.1: (Injectivity of S). For each bounded, Lipschitz Q_ C R?, there exist a sequence of positive
number k; < ko < ..., limj_,o k; = 00, such that S is injective if and only if k£ # k; for all j € N.

These values are called spurious resonances or spurious frequencies. Even if the BIE (42) is
not solvable in this case, the EDP (32) is well-posed: the interior eigenvalues affect and spoil the BIE
formulation of the exterior problem. This can be understood as follows: the same BIE solves both an
exterior and an interior Helmholtz Dirichlet problem (with solutions (S%)|q, and (S%)|q_), when the
latter is not well-posed then the BIE cannot be well-posed either. In §6.2 we will see other (slightly more
complicated) BIEs that always admit a solution.

Exercise 6.2: (Spurious frequencies and BEM). Spurious resonances affect numerical computations. Plot
the condition number of the BEM matrix éC/G and the accuracy test of Remark 5.27 (e.g. ||S¢N +u

for several values of k close to a resonance to see how they blow up.
Hint: choose Q_ as a square, so that the values of k; are easily computed by hand as in §4.2.

e HLQ(T))

6.1.2 THE SINGLE-LAYER OPERATOR IS FREDHOLM

We now want to show that the single-layer operator S : H~2(I') — Hz(T') is Fredholm, i.e. it is sum of
an invertible and a compact operator.
We define the single-layer operator for Laplace equation —Awu = 0 as

|x

So0)) =5 [1og M) asty),  xer. (63)

where d is a positive parameter?! satisfying d > diam(I") = sup, ycr [x — |-

21Djifferent values of d give different “versions” of the single-layer. This corresponds to adding a constant to Sg; recall
the following difference between Laplace and Helmholtz solutions: Au = 0 = A(u+ C) = 0 but (A + k2)u = 0 =
(A + k2)(u + C) # 0 for all constants C # 0. This is related to the fact that the 2D Laplace fundamental solution does not
decay to 0 at infinity. We will see in Remark 6.8 that the precise value of d only matters to ensure the coercivity of Sp. This
is not true in 3D, where there is no need for the parameter d.
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Given a positive number ¢, we also define the single-layer operator for the homogeneous reaction—
diffusion equation (in this setting sometimes called “Yukawa equation” [SBH19|, or “modified Helmholtz
equation” [Spenceld]) —Au + c*u =0 as

(50)00 = 3= [ Kolelx—y)w(y)ds(y).  xeT. (64)

where Ky(t) := i%TH(()U(it) for t > 0 is the “modified Bessel function of the second kind”. 2? Formally, S,
equals the single-layer operator for the Helmholtz equation with purely imaginary wavenumber (i.e. with
ic in place of k).

The following two facts hold:

Lemma 6.3: (Single-layer: compactness of S — S, and coercivity of S.). For all ¢ > 0,
e S—S.:H (') — Hz(I') is compact;

e S.: H 2(I') » H=(T) is coercive, i.e. o, > 0 such that (S, ) > o H1/)||2_%( vy € H2(T).

r)

In the next pages we explain where Lemma 6.3 comes from, but we don’t give a complete proof.

Note that we allow also the case ¢ = 0: S, can stand either for the Laplace or for the reaction—diffusion
operator.

The second item of Lemma 6.3 and Lax-Milgram theorem imply that S, : H~2(I') — Hz(T) is
invertible and that the corresponding BIE (for Laplace or reaction—diffusion) S,y = g is well-posed for all
g€ H3 (T"). From Definition 3.11, S = S, + (S — S.) is a Fredholm operator. Moreover, the sesquilinear
form A(-,-) defined in (44) and used to define and implement the Galerkin-BEM method is sum of a
coercive and a compact form: A(v, &) = (S, &)r = (Se, E)r + (S — Se)Y, E)r.

By Fredholm alternative 3.12, S is invertible if and only if it is injective. By §6.1.1, the single-layer
BIE Sv = gp is well-posed (i.e. S is invertible) if and only if —k? is not a Dirichlet eigenvalue for Q_.
Combining with what we already know about the eigenvalues, we obtain the following fact.

Theorem 6.4: (Single-layer BIE well-posedness). For each Q_ there exist a sequence of positive number
k1 < kg < ... lim;_ o k; = 00, such that the BIE S = gp is well-posed for all gp € H%(F) if and only if
k # k; forall j € N.

We repeat: Theorem 6.4 follows from Lemma 6.3, Lax—Milgram theorem, Fredholm alternative 3.12,
and Lemma 6.1.

Why do we consider both the Laplace (Sp) and the reaction—diffusion (S,) cases? To prove the Fredholm
property of S any of them would be enough. On one hand, the Laplace single-layer Sy is easier to study
because it does not require special functions, while, on the other hand, the coercivity is easier to prove for
S, than for Sy (in 2D).23

We study the properties of compactness and coercivity in the following, starting from the case of a
circular scatterer.

Remark 6.5: (Helmholtz=Laplace+low-order, once again). This decomposition of the Helmholtz operator
in a “Laplace part” and “whatever is left” should remind you the technique used in §4.2 for Helmholtz problems
on bounded domains. In that case, using the Garding inequality, we have decomposed the Helmholtz sesquilinear
form (either A of (26) or Aj of (28)) in a coercive part corresponding to an elliptic equation and a compact
perturbation term multiple of k2 [, uw dx.

Remark 6.6: (Helmholtz vs coercive cases: BIE well-posedness and Galerkin method). The coercivity
of Sy implies that the single-layer BIE for the Laplace equation Sgy = gp is always well-posed. Moreover, as we
are in a Lax—Milgram setting, every Galerkin-BEM discretisation of the variational problem (Sgv¢, &)r = (g9p, &)1
is well-posed, quasi-optimal and gives symmetric positive-definite matrices.

22This is defined from the complex-analytic extension of H(()1> to complex argument, in such a way that Ko is a real-
valued, positive, monotonically decreasing function; see [DLMF, eq. 10.27.E8]. It satisfies Ko(t) ~ —logt for ¢ — 0 and
Ko(t) ~ /m/2te~t for t — oo, [DLMF, eq. 10.25.3 and 10.30.3]. It is easy to see that it satisfies the “modified Bessel
equation” t2KY(t) + tK}(t) — t?Ko(t) = 0 and from this that —Ax®c(x,y) + 2Pc(x,y) = Jy(x) where ®c(x,y) =
= Ko(clx —y|) = 1HSV (iclx — y).

23We write also the fundamental solutions of the Helmholtz, Laplace and reaction—diffusion PDEs in R3:

9 eiklx—y| 1 9 e—clx—yl
Au+ku=0 - Pp(x,y)=————, Au=0 — Po(x,y)=——, —-Aut+cu=0 — P.(x,y)= ——
dmlx —y] drlx —yl drlx —yl

([Spencel4, §9.1]). Differently from the 2D case, all three fundamental solutions can be written as special instances of ®.
with complex ¢ (or ®; with complex k). In particular, in 3D the Laplace case is the limit for £ N\, 0 or ¢ \, 0 of the other two.


https://dlmf.nist.gov/10.27.E8
https://dlmf.nist.gov/10.25.3
https://dlmf.nist.gov/10.30.3
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This is not true in the Helmholtz case. To ensure well-posedness of the Galerkin method, some conditions
on the discrete space are needed (roughly speaking, it must have sufficiently good approximation properties).
Under these conditions, we have a quasi-optimality estimate as in Céa lemma. We sketch this theory in §6.3.

6.1.3 CONTINUITY, COMPACTNESS AND COERCIVITY OF SINGLE-LAYER BIOS ON A CIRCLE

Let K be a BIO on the circle 9Bg with kernel k : (0,00) — C, i.e.

(Kv)(x) = /8 (= yDuly) ds). (65)

for v defined on I'. The distance between two points on the circle can be computed using polar coordinates:

|x — y| = |Rel’ — Relf| = R|1 — e!®==%)| = R\/Q — 2cos(fx — Oy).

The action of the operator K on a function v can be written as the multiplication of the Fourier coefficients
of the argument v(x) = Y, ,e*Y by some coefficients Ky:

(Kv)(x) = /83 k(lx —y|)v(y)ds(y) = R/o ' rk(R\/2 — 2cos(fx — 0)) Zf}geim dé (a=0—16y)

LEL

27
= Z Dpeltfx R/ K(RV2 —2cos a)eim da = Zf}g[(@ elf0x
0

LEL LET
=Ky

If Ky = O(¢?) for some a € R then, from the definition (19) of the Sobolev spaces on the circular boundary,
K : H*(0Bg) — H* “(0BR) as a bounded operator. But, how to estimate the coefficients K,?

The values K are the Fourier coefficients of the function o — Rk (R+/2 — 2 cos a) on (0, 27). Parseval’s
theorem ( 027r |F(0)]2d0 =27, | f¢|?) implies that the Fourier coefficients of an L2(0, 2r) function decay
as o((~1/2). As we have seen in §3.3 using that (e'?)’ = ile®® if f/ € L2(0,2x) then f, = o(£~3/2).

The function a — R+y/2 — 2cos a is Lipschitz (you can verify that its derivative is &/ HC%) Thus,

if & € L?(0,2R) then K, = o(¢~'/?), if moreover ' € L?(0,2R) then K, = o(¢~3/2?). So, useful relations
between the properties of the kernel x and the continuity of the operator K in the form (65) are

k€ L*(0,2R) = K : H*(8Bg) — H*3(0Bg), k€ H'(0,2R) = K : H*(dBr) — H*t3(0Bp).
(From the formulas above, the properties of x(t) for ¢t > 2R, the diameter of the circle, are irrelevant.)

What are the kernels of the Helmholtz and Laplace single-layer operators? We have

K=S = ﬁ@=ii@%ﬂ € L*(0,2R),
1 t
K =15 = k()= ~5- log% € L*(0,2R),
L [NV 1

The first line gives S : H*(OBr) — H®*'2(dBg). This is not new: we already mentioned that S :
H~2(I') — H2 (D) for all Lipschitz boundaries, which, for s = —1, is a stronger result. We have also seen
from the numerical computations in Figure 15 and Remark 5.1 that K, ~ £~!, so we cannot expect any
stronger continuity property than this.

We now look at the difference between Helmholtz and Laplace single-layer operators S — Sy (on OBR).
From the asymptotic formula Hél)(z) = i% logz+ 1+ i%(y —2) + O(2?) by, e.g., [IDLMF, eq. 10.8.2]
with the Euler’s constant v ~ 0.57721 we have that x is bounded and «’ is bounded (with a jump at 0
because of the v/2 — 2cos o term). So S — Sy : H™2(0Bg) — H*(0Bg). (In Figure 19 we demonstrate
numerically a stronger continuity property, i.e. that S — Sy : H™2(0Br) — H3(dBg).) Since the
inclusion « : HY(0BRr) — H %(E)B r) is compact, then the difference between the two single-layers

S —Sy: H 2(0BR) — H2(0Bg) is compact.?*


https://dlmf.nist.gov/10.8.2
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Fourier coeff. of S-S, Helmholtz-Laplace SLO difference
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Figure 19: A log—log plot of the Fourier coefficients Ky for the operator S — Sy, difference between
Helmbholtz and Laplace single-layer operators, on a circle. The coefficients decay as Ky ~ 73, so the
operator appears to be continuous H*(0BR) — H*T3(0BR). In particular it is compact H™= (0BR) —
Hz(OBR). Compare with the coefficients of S in Figure 15.

Precisely the same holds with S, in place of Sp: this is because the corresponding kernels x(t) =
= log & Y and K(t) = 5= Ko(c|t|) have the same behaviour at ¢t = 0.

We can use the expansion in circular harmonics also to check the coercivity of an integral operator.
The sesquilinear form associated to K diagonalises in the Fourier basis (recall §3.3):

(Kv,w)ap,, = <ngng Z WeelmOx > = QWRZ@EKZQITE.
OBRr

LEL meEZ LeZ

If Ky € Rand K; > ¢(14£2)* for all £ and some ¢ > 0, s € R %, then [(Kv,v)ap,| > 27Re Y jcp 00> (1+
?)=c ||UH§{S(83R), i.e. K is coercive in H*(0BR).

Now look at the Laplace single-layer, i.e. K with s(t) = —5 log %l. Since k(Ry/2 — 2cos(t)) is real
and even-symmetric, its Fourier coeflicients K, are real.

Exercise 6.7: (Laplace single-layer Fourier coefficients). Compute numerically the coefficients K, for the
Laplace single-layer Sy and verify that they satisfy K,(1 + 82)% >c. (ForR=1,¢c= %)

From this exercise it follows that the Laplace single-layer operator S, is coercive in H -3 (OBR).
The same argument can be repeated for S..
We have verified, partly with numerical experiments, both items in Lemma 6.3 for the case I' = S*.

6.1.4 COMPACTNESS OF S — S

We sketch the main ideas used to prove the compactness of (S — Sy) : H=2(I') — H=(T'). Making them
precise and rigorous is not trivial.

The key result to prove compactness of BIOs is the following: an operator K : L%(T') — L*(T) in the
form ( = Jps(|lx —y|)v(y) ds(y) is compact if the kernel & : [0, diamT'] — C is a bounded function
.

From the asymptotic expansion of the Hankel function at the origin, as in §6.1.3, we see that the
kernel «(t) = iH(()l)(kt) + 5=log 4 of S — S is bounded (and continuous). The operator T' defined by

24Recall that the property of compactness of an operator depends heav1ly on the norms of the function spaces chosen as
domain and codomain. E.g. the identity operator I : H'(Q) — H'(Q) is not compact for a bounded Lipschitz 2, but when
we view it as I : H(Q) — L2(Q) (and we call it embedding) then it is compact (Rellich theorem). The technique used in
this section is very standard: we show that an operator K maps in a space that is slightly smoother (here H! (0BR)) than

the desired domain (here H? (0BR)), then we compose the operator with the embedding (here « : H(OBR) — H? (0OBR))
and if this embedding is compact the same holds for ¢ o K. Recall that the composition of a continuous operator and a
compact one is compact; you can prove this from the definition.

25More generally, if the K, are complex we can also take R{oc K} > c(1 + £2)* for some o € C, || = 1. E.g., K is coercive
in L2(0BR) (s = 0) if there exists a straight line in the complex plane C that separates the origin from all K.
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Tv = (Sv — Sgv)’, where the derivative is the tangential derivative along I', also has a bounded (but
discontinuous) kernel, for the same reason. From this it follows that S —Sp : L?(T') — H'(T") is a compact
operator. However we want to lower the Sobolev exponents of both spaces by %

From functional analysis (|Brezis11, Thm. 6.4]) we know that if an operator K : H; — Hs is compact,
then its adjoint K* : Hy — H{ (defined by (K*¢)(¢0) = (K1) for ¢ € H3 and ¢ € H;) is also compact.

Fubini’s theorem implies that the single-layer is self-adjoint (up to conjugation) in L*(T'): [.(S¢)ids =
Jr(S¥)ds for all ¢,¢p € L*(T') (you can prove this). The same holds for Sy. Thus the adjoint of
S — Sy : L*(T') — HY(T) is the extension of S — Sy itself to (S — Sp)* =S — S : H (') — L*(T), where
H~(T) is the dual of H(T') as in §3.3.3, and is compact.

A technique called “operator interpolation” (see,
e.g., [SBH19, §9.8]) allows to deduce from the com-
pactness of S — Sp in L*(T) — HY(T') and in
H~1(T') — L*(T") the boundedness and the compact-
ness in all intermediate spaces S — Sy : H*~}(T) —
H#*(T) for 0 < s < 1, in particular the compactness
of S —Sy: H 2(I') — Hz ().

The same reasoning follows verbatim if we take S. for ¢ > 0 (64) in place of Sy (63): the key point
is the boundedness of the kernel of S — S, and of v — (Sv — S.v)’. This follows from the fact that all
kernels considered have the same singularity at 0. A different proof of the compactness of S — S, can be
obtained by adapting that in [SBH19, Thm. 14.12].

H3(T) Hl‘(r)

6.1.5 COERCIVITY OF S,

We sketch the proof of the coercivity of the reaction—diffusion single-layer operator S.. The coercivity of
the Laplace single-layer operator Sy is slightly more complicated; we discuss it in Remark 6.8.

Most of the results derived and stated in the previous sections (traces, jumps, ...) for the Helmholtz
equation hold also for the reaction—diffusion equation, using ®.(x,y) = iKo(c\X —y|) as fundamental
solution.

Fix ¢ € H™2(T) and denote u = Scp € HY(Q_,A) x HL (25, A), S. being the reaction-diffusion
single-layer potential. Then —Au + c?>u = 0 in Q_ U Q,, [yu] = 0 and [Opu] = —1, in analogy to (61).
From the properties of Ky, both u and its radial derivative decay exponentially to 0 for |x| — oo.

Integration by parts (Green’s first identity (20) with k = ic) on Q_ gives the identity

IVulZaq, + ¢ ulaa ) = /Q (Vu- VT + 2um) dx = /Fa;m—ads.
Proceeding similarly to §5.3 and exploiting the decay of u and %, the same holds in Q:

2 2 . 2 2
IVuliaayy + e llula, = Jim (IVlla0,ns + & 14l nm ) (66)

= lim (Vu -V + c2um) dx
R—o0 Q4NBr
= lim <7/3rfu'y+ﬁds+ 8nuﬂds+/ (fAu+c2u)ﬂdx) :7/8;fu7+ﬂds.
r dBr QNBg " r

R—o0

R— 00

—0

(Note that the H(£2;) norm would not be bounded if u = S, with the Helmholtz single-layer potential,
because in this case u would have a slower decay at infinity.)

Taking the normal trace of vector fields, v — v|r - n, is continuous as an operator from H (div; 1) to
H~2(T) ([SBH19, Thm. 6.1]):

2

2 . 2
ot S GV, + v vl ey, (67)

Vv € H(div; Qy) == {v € L*(Q4)*divv € L*(Q4)}.

[v]r -l

Here Cy, > 0 only depends on I'. Applying this to Vu, whose divergence is in L? because Au = c?u, allows
to control the Neumann traces with the L? norms of the gradient and the Laplacian of v. Combining all
these results we have that, for all ¢y € H~2(T),

2 _ 2 =
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<2( H@;u”ir%(r) + H@,TUHZ,%(F)) triangle inequality

normal trace continuity

<200 ([IVulfa o + [1AulZeq y + IVl T2,y + 18] 720,)) iy H(div; Q) (67)

< 2C%, max{1, cz} (Vu-Vu + CQUE) dx Au = Pu
Q_uUQ4

= 2C;, max{1,c*} /(8;u'y_ﬂ — 0fuytu) ds Green’s 1st identity (66)
r

= 2C;; max{1, 02}/ —[Onu]yuds yru=~"u
r

— 20, max(L,¢*} [ uSiDds [Out] = —, 71 =S = S
r

~ 20, max{1, ) [ (S0)Tas Sw=s0, [wswds= [(swes
r r r

This is precisely the coercivity of S, in H~2 (T).

Remark 6.8: (Coercivity of Sy in 3D and 2D). The proof of the coercivity of the Laplace single-layer
operator Sy in R3 works exactly in the same way setting ¢ = 0, noting that the algebraic decay of u for
|x| — oo is enough to ensure Vu € H* () (see [SBH19, §14.6-7])

In R? the proof of the coercivity of Sy is more complicated; here we follow [Steinbach 2008, Thm. 6.22-23]
and [McLean 2000, Thm. 8.12-16]. The key difference is that the relation ||Vu||2LQ(Q+) = — [pOfu~rTuds
for u = Syt only holds if ¢ satisfies the 0-average condition (¢, 1)r = 0. This is due to the absence of decay
to zero of the fundamental solution ®q at infinity. Thus the reasoning above gives the coercivity of Sy in
H.* () = { € H3 (D) : (4, 1)r = 0}. 1

To deal with the general case (v € H~2(T') instead of ¢y € H, *(I')) we have to work a bit more.
Lax—Milgram and the coercivity for O-average densities ensure that there exists a unique (non zero)

Boe HIAT)  (SoBo&r = (Sl &) Ve, € HH(D).

Define foq = ﬁ(l —By) € H’%(F). The two densities (3., Boq only depend on I'. Then (¢ is real-valued,

(Beq, L)1 = 1, and {SpBeq, &x)r = 0 for all &, € H*_%(F), 50 Spfeq is constant on I'. Recalling the definition
(63) of So,

(Soffea) () = 5~ / Beq(y) (log d — log |x — y]) ds(y)

—logd/ﬂeq ds(y /ﬁeq )log |x —y|ds(y)
= % logd — g/Fﬁeq(y) log |x — y|ds(y) vx el

This is where we need the (so far unused) parameter d > 0: if d is sufficiently large then SyfBeq > 0. It is
possible to show that d > diam I is enough to guarantee that Spf3.q > 0.2 Then also

<SO/8eqaﬂeq>F = Soﬁeq<1a/8eq>l“ = Soﬁeq > 0.

_1
We want to decompose a general ¢ € H‘é(l") ina H, 2(I'") component and a remainder: instead of taking a
constant remainder as one might expect, we take a remainder whose image under S is constant, i.e. a multiple
1 .
of Beq. Forall p € H~2(T") define

"/J* = "/J - (M 1>Fﬁeq = <'L/)*a 1>F = <¢7 1>F(1 - <Beq, 1>F) =0.
Now we use the decomposition ¢ = 1, + (¥, 1)rBeq to show the positivity of the single-layer potential:

<501Pa¢>1“ = <So(¢* + W’ 1>Fﬁeq>7’¢)* + <’(/}7 1>Fﬂeq>l—‘

26The value efr Aea(y) log lx—y| ds(¥) | which is independent of x € T, is called “logarithmic capacity of I, while Beq is the
“equilibrium density”. In 2D electrostatic, the electric charge on an insulated conductor Q_ distributes on the boundary I'
proportionally to Beq, in such a way that the electrostatic potential SofBeq is constant on I' and takes value Spfeq in Q4.
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- <SO’(/)*5 w*>l—‘ + 2(% 1>F <SOBeq7 ’(/}*>F +|<'(/)7 1>F|2 <SOBeqa Beq>l—‘ Z C( ||w*||i17%(l—‘) + ‘<¢7 1>F‘2)a
— —

=0 >0

which gives coercivity when combined with the triangle inequality

1803y < 90l 3 oy + 100 D Beall -3 gy < C (Il + 1485, D).

Exercise 6.9: (Laplace single-layer parameter d). Using the BIO expansion in §6.1.3 show that for a circle
I' = OBR, we have 8, =0, Beq = ﬁ, S0Beq = ﬁSol = ilog %. Thus d > R is enough to prove the
coercivity of Sy on H=2(9Bg).

Hint: use that fOQﬂ log v/2 — 2cosada = 0 and the properties of the logarithm.

6.2 THE BIE zoo

We have seen that the single-layer BIE fails for some values of k. We want to derive some other BIEs that
allow to compute the solution of the EDP/SSSP also for these values of k. We write a total of six BIEs;
their properties are summarised in Table 1.

First of all, it is instructive to recall how we found the BIE (42). We wrote the solution u of the EDP
(32) as a single-layer u = St), then we took the Dirichlet trace 4+ of this representation, and from one of
the trace formulas (60) obtained the BIE Sy = gp (recall that we need to impose the boundary condition
vTu = gp). Also for the other BIEs the key steps are the same:

(i) choose a potential representation,

(ii) take a trace using (60).

6.2.1 INDIRECT DOUBLE-LAYER BIE
If instead of a single-layer we assume that the EDP solution is a double-layer potential
u=Dy, e H )

taking the Dirichlet trace v (60) we obtain

(5+4D)¢=9p| mHIT), wemiD) (68)

This is another BIE for the same BVP. Here and in the following, % stands for the identity operator
multiplied by the number %, i.e. the equation is to be read %1/} + Dy = gp.

This can be discretised with collocation-BEM or Galerkin-BEM in the same way as §5.2. We encounter
a couple of difficulties. A first difference is that the singularity of D is stronger than that of S, so the
quadrature requires more care.

A second difference is that this BIE is posed in Hz(I') instead of H~%(T'). The functions of Hz (I
are in general not necessarily continuous, but if they are piecewise-polynomial then they must also be
continuous. This implies that the BEM discrete space Vi cannot be made of piecewise-constant functions
(recall Exercise 3.4). The simplest choice is to take Vy as the space of continuous piecewise-linear
functions on a mesh.

Is the BIE (68) well-posed? Le. is the operator (1 + D) : Hz (') — Hz(T) invertible? As proved in
[CGLS12, Thm. 2.25], this operator is Fredholm. To study the injectivity, once again we have to look at
some interior problem.

Exercise 6.10: (Injectivity of 1 + D). Show the following.

e If wis a Neumann eigenfunction in Q_ for A = k2, then its trace 1) = v~ w satisfies %’(/J + Dy = 0.
Hint: use Green's representation.

o If A =k?is not a Neumann eigenvalue in Q_, then § + D is injective.
Hint: take u = D1 for ¢ € ker(% + D). Use the well-posedness of the EDP and both jump relations.

e Deduce that the BIE (68) is injective if and only if k2 is not a Neumann eigenfunction.

From this exercise it follows that the BIE (68) is well-posed except for a discrete set of frequencies.
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Remark 6.11: (What is 7). If ¢ is solution of (68), then u~ = (D)|q_ is Helmholtz solution in _ with
Neumann trace ;u~ = O u. Differently from §5.5.1, this is not immediately related to the incoming field
u™e. However, if k2 is not a Neumann eigenvalue, v~ is well-defined as a solution of an interior Neumann
problem. From the jump relation (61), ¢ = [yDvy] = v"u — vy~ u~ = gp — v u~. The solution of the
BIE (68) is the difference between the datum gp and the Dirichlet trace of the solution of an auxiliary interior
Neumann problem, whose boundary datum is the Neumann trace of w itself.

6.2.2 DiIrectT BIE

We have constructed two BIEs (42) and (68) by searching for EDP solutions in the form v = S and
u = D, respectively. Green’s representation formula (54) allows to represent any radiating solution w in
Q4 as linear combination of both potentials applied to the traces of u itself:

u=—-80 u+ Dy u.

When u is solution of the EDP, one of the traces is given: vTu = gp. So we can choose as unknown the
other one: 1 = dfu. How to obtain a BIE from this?

Taking the Dirichlet and the Neumann traces v+ and 9, of Green’s representation and using the trace
formulas (60), we obtain

Sip = (D - %)gD in H3(D), (69)

(% + D/)¢ — Hgp in H=%(T). (70)

We reiterate that here the unknown stands for the Neumann datum and the underlying representation
formula is that coming from Green’s formula:

Vv=0iu €H *(T), wu=-SY+Dgp inQ,.

Some terminology. BIEs such as (69)—(70) whose unknown is the missing Cauchy datum are called
direct BIEs; BIEs such as (42) and (68) where the unknown is not directly linked to the EDP are called
indirect. In general, a linear BIE with BIO T and data f can be written as ayy + Ty = f: if a = 0
then the BIE is called “of the first kind”, if « is a non-zero coefficient then it is called “of the second kind”.
Thus BIEs (42) and (69) are called BIEs of the first kind, as the unknown 1 only appears as argument
of a BIO, while (68) and (70) are called of the second kind as the unknown ¢ also appears outside the
integral operator (o = 3 in both cases).

The first-kind direct BIE (69) has at the left-hand side the same operator S as the indirect BIE (42)
we know well. The right-hand side instead is slightly more complicated, as it involves the double-layer
operator. So (69) is well-posed exactly when (42) is, i.e. away from Dirichlet eigenvalues. The matrix
A%/C of a BEM implementation for this formulation is identical to the matrix for the same method
applied to (42). The right-hand side vector F¢/& is slightly more complicated to code and more expensive
to compute as it requires the implementation of the double-layer operator.

The second-kind direct BIE (70) has at the left-hand side the adjoint of the operator present in the
indirect BIE (68). Theorem 1.28 of [CK1] implies that (3 4+ D’) is injective if and only if (3 + D)
is injective (this requires the Fredholm property of the operators). So (70) is well-posed away from
Neumann eigenvalues, exactly as (68). The implementation of a BEM discretisation of (70) also requires
an approximation of the hypersingular operator H (59) for the right-hand side.

Finally, the evaluation of uy in the volume through the Green’s representation formula is slightly more
complicated for the direct BIEs (69)—(70) than for the indirect ones ((42) and (68)), because it involves
both the single- and the double-layer potential (applied to the unknown and the datum, respectively).

6.2.3 INDIRECT COMBINED-FIELD INTEGRAL EQUATION: BRAKHAGE—WERNER EQUATION

We have seen four different BIEs for the same EDP, and none of them is invertible for all positive values
of k, which is quite disappointing. However all is not lost: the formulations considered were deduced
from some special representations of u in terms of layer potentials, we need to choose some other such
representation.

We now choose, arbitrarily, to search for some v in the form

u=(D—inS)p, eHT) (71)
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where n > 0 is a parameter. Taking the Dirichlet trace, this is solution of the EDP if ¢ is solution of

(% +D— ins)w —gp| mHI(). (72)

The operator A := (3 + D —inS) : Hz (') — Hz(I) is Fredholm.?” Is it injective?
Let Ay = 0 for some ¢ € H2(T"). Define u as in (71). Then u|q, is solution of the EDP with gp = 0,
sou=0in Q4 and y"u = 9 u = 0. The jump relations (61) give

—y u = [yu] = [y(Dy — inSy)] = [vDy] = ¢
—0pu = [Oqu] = [0n(Dp — inSY)] = [~indaSY] = inip

So u|q_ is solution of a homogeneous impedance BVP (27) in Q_ with ¥ = . From the well-posedness
of the impedance BVP (§4.2 and Corollary 5.13) v = 0 and from the jump relation again v = —y~u = 0.
We conclude that the operator A is injective.

The BIE (72) is well-posed for all T', k > 0, > 0 and gp € H2(I).
We have finally found a BIE that is invertible for all wavenumbers! The BIE (72) is often called

Brakhage—Werner equation (even if it was introduce independently in three papers by Brakhage and
Werner, by Leis and by Pani¢, all in 1965).

O, u—iny u =0.

Exercise 6.12: (Brakhage—Werner density). Let ¢ be the solution of the Brakhage-Werner BIE (72) and
u=(D—inS)y in QL UQN_. Use the trace formulas (60) to show that 0, u—iny~u = 9 u — iny*u (careful
with the signs!).

Deduce, using the jump relations, that the solution ¢ of the BIE is the jump between the Dirichlet traces
of the EDP solution u|o, and the solution u|q_ of an impedance BVP in Q_ with data dfu — inyTu and
impedance parameter ¥ = . (The relation with an impedance BVP further confirms the well-posedness of the
BIE.)

6.2.4 DIRECT COMBINED-FIELD INTEGRAL EQUATION: BURTON—MILLER EQUATION

Can we find a direct method that is well-posed for all values of k? We know that 1) = 9 u solves both
direct equations (69)—(70). We take a linear combination of the two equations:

(3+0 —ws)w=[H (D~ 3)]on| nH 1) (73)

Again, here n > 0 is a parameter. This is called Burton—Miller or (direct) combined-field integral
equation (CFIE). This is a second-kind direct equation, so, as in §6.2.2, the density and the representation
formula are

Y =0 u eré(F) and u=—-80u+Dytu=-SY+Dgp inQy.

The operator A’ := (5 + D' —inS) : H~2(T) — H~2(T") at the left-hand side differs from the operator A
of the Brakhage—Werner equation only in that D is substituted by D’.

To study the injectivity of A’, let A’¢p =0 and w = —8%. Then O u—iny u=—-AYp =0,s0u=01n
Q_ by the well-posedness of the homogeneous interior impedance BVP. By the jump formula vTu = v~ u,
u|q, is solution of the homogeneous EDP, so it also vanish, and ¢ = —[0,SY] = [u] = 0.

Similarly to the previous section, A’ is also Fredholm, thus the ’ BIE (73) is well-posed ‘

Under some strong regularity and convexity assumptions on the scatterer {2_, the operators A and A’
are coercive in L?(T), [CGLS12, §5.7, Thm. 5.25]: in these cases all Galerkin BEM discretisations of the
formulations (72) and (73) are well-posed and quasi-optimal.

Remark 6.13: (Combined-field integral equation for scattering problems [CGLS12, §2.10]). Imagine
that we want to solve a scattering problem (33) with an incoming wave u!"° defined over a neighbourhood of

Q_ (for example a plane wave).

27We have mentioned in §6.2.1, without proof, that % + D is Fredholm. The single-layer operator is continuous as a map
S:H? (T) = HY(T") (|[CGLS12, Thm. 2.25], recall Remark 5.1 for the circle), thus, by composition with the embedding of

1 1
Sobolev spaces, it is compact as a map S : H2 (I') — H?2 (T"). Finally, A is a compact perturbation of a Fredholm operator,
so it is Fredholm as well.
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Scat Inc

Green's representation (47)-(50) applied to u in Q4 and to u™ in Q_ gives

D,Y+USCat o SaiuScat _ uScat’ D’Y+UIHC o Saiulnc _ D,yfulnc o Sa;ulnc =0 in Q+,

Tot

Summing these two equalities and using that v u1°t = 0, we have

8(_ar—&1-uTot) _ 'D’}/+UT0t _ S&IuT"t — uSCat _ uTot _ uInc in QJr‘

(We already knew this from §5.5.1 in the case where k2 is not a Dirichlet eigenvalue, now it is clear that this
assumption is not needed.) The exterior Dirichlet and Neumann traces of this identity give

+_Inc

33)
= — u s

—S@iu%t (6:0),y+8(_a;ruTot) _ ,y+uTot _ ,eruInc ( ~

1 1
(5 _ Dl)a;:uTot (g))ais(_aiuTot) _ 8ITUTot _ aiulnc = (5 + D/)a:lruTot _ 8:ulnc.

As before, we linearly combine these two identities using a coupling parameter 7 > 0:

1
(5 . in5>1/) — gulmC — ipytulne, b = 8T, (74)

This is a variant of the Burton—Miller formulation (73): since the integral operator to be inverted is the same
(A’), the BIE is well-posed for all £ > 0.

Equation (74) is simpler to implement than (73) because the right-hand side does not need any integral
operator. On the other hand, the right-hand side involves both traces v+ u'™¢ and 9 u™° of the incoming
field, so this BIE cannot be used if only the Dirichlet trace gp = —yTu™® is known.

Another important difference is that the unknown in (74) is ¢ = 9 u™*, as opposed to 9 u5 in (73).

Thus the corresponding representation formula is simply .

A modification of this BIE that is continuous and coercive in L?(T") for any bounded star-shaped Lipschitz
domain has been recently discovered, see [CGLS12, §2.9].

Remark 6.14: (Choice of the parameter 7). How to choose the coupling parameter n > 0 in (72) and (73)?
From the expression of A and A’, we can guess that 1 has the dimension of the inverse of a length: n multiplies
the operator S which acts as the inverse of a derivation (S : H~2(I') — Hz(I')) and is added to the identity.
So plausible choices are n ~ k or n ~ m. It turns out that = k is also a good choice to reduce the

condition number of a BEM discretisation of either (72) or (73) for large values of k.

6.2.5 FURTHER REMARKS ON THE BIES AND EXTENSIONS

Remark 6.15: (Variational formulations of Il kind BIEs). In the first-kind equations (42) and (69) the
operator to be inverted is S, which maps H 2 (I) (the space where we look for the unknown) to its dual Hz (T").
So testing the BIEs against elements of the same space is simple: the sesquilinear form Ag(¢, &) = (S, E)r
is well-defined for 1,& € H~=(T') and involves the extension (-,-)p of the L2(I') scalar product. This is why
in the implementation of the Galerkin-BEM matrix éGal we are allowed to use integrals over T' (recall that we
chose piecewise-polynomial basis functions, which are in L?(T)).

For the second-kind integral equations we have to be more careful. E.g., in (73), the operator A’ maps
H~=(T) to itself. So, we cannot write (A'4), &) for v, & € H—2(T') because it is not defined, but should use

the sesquilinear form (A/w’f)H*%(r)' where (-, -)H,%(F) is the scalar product in H_%(F). Implementing a

BEM discretisation of this variational problem is hard, as it requires to evaluate the non-local H~2(T") scalar
product.?®

On the other hand, if the EDP datum gp is at least in H'(T'), which is the case for smooth incoming
waves, then the right-hand side [H — in(D — $)]gp € L*(I') so we can use the variational formulation

.o = [ (5+0 =)o eds= [ [H-in(D—3)]aEas  vee*m),

and look for 1 € L2(T'). This is well-posed because A’ is Fredholm also as a mapping A’ : L*(T") — L?(I),
[CGLS12, Thm. 2.27]. The Galerkin-BEM is then implemented with the same techniques of §5.2.

280n a circular boundary I' = S!, this would be easier as the scalar product is computed from the circular harmonics
. ; — 1
expansion: (3,cy Dgelt?, > ez uf;zelw)hF% &b =2 Y ey Do (1 + £2) 72 (recall definition (19)). Still, unless the Fourier
coefficients of all the functions involved are already known, this is more complicated than the simple integral appearing in
the (-, -)r duality.
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An alternative would be to use a Petrov—Galerkin approach: take test functions in a space different from
the trial space. For example one can seek ¢» € H~2(T') such that (4’4, &)r = ([H — in(D — Dlap, E)r for
all € € H%(F). The Galerkin-BEM discretisation of this problem can use piecewise-constant trial functions
1N and continuous piecewise-linear test functions £yx. The two discrete spaces have to be defined on different
compatible “dual’ meshes.

All this applies also to the second-kind direct BIE (70).

On the other hand, the indirect BIEs (68) and (72) are posed in Hz(T'), so we can use the L2(I') scalar
product to write the variational form (. Ay €ds = [, gp€ds for all € € H(T) for (72)) but we need to use
discrete functions that are continuous on I, e.g. piecewise-linear polynomials.

Remark 6.16: (Advantages of direct formulations). The BEM approximation of Burton-Miller equation
(73) is slightly more complicated and expensive than Brakhage-Werner (72), as the right-hand side involves two
BlOs. Similarly, the direct equations (69)&(70) require a more complicated right-hand side and representation
formula than (42)&(68). What is the advantage of a direct formulation against an indirect one?

In a direct formulation, if we have some information on the properties of the EDP solution u we can include
it in the design of the approximating space Vy to improve its accuracy and efficiency. For instance, in some
situations, PDE theory and high-frequency asymptotics (recall the GTD mentioned in Remark 5.30) permit
to estimate the location and the strength of the singularities of ¢ = 9 u5, its oscillations, the different
behaviour in the shadow and the illuminated parts of T'; see, e.g., Figure 182°. This knowledge allows to
construct discrete spaces Vy that ensure high accuracy with small numbers of DOFs. This is the basic idea
underlying the “hybrid numerical-asymptotic” (HNA) methods that are the main concern of [CGLS12].

In an indirect method, the BIE solution 1 depends also on the trace of some interior problem (see Rem 6.11
and Ex. 6.12), so its efficient approximation would require also the knowledge of the corresponding eigenfunction,
which is not directly related to the physical scattering problem and might contain expensive-to-approximate
“unphysical” singularities.

Moreover, often the quantity of interest is not u or u™ in Q. , but something dependent on 9 u5°at,
such as the far-field pattern u., (34). This is easily and accurately computed with a direct method or with
(42), but not with (68) and (72).

Scat Tot

BIE representation density unknown | direct/ | kind | fails for
formula P = 1 in indirect
(42) St = gp u= S8y —ofu™ | H—2(T) | indirect | I Dir. eig.
(68) (3 + D) =ygp u =Dy Rem.6.11 | Hz(I) indirect | II Neum. eig.
(69) Sy = (D~ L)gp uw="Dgp -8y | dfu H==(I') | direct | I Dir. eig.
(710) | G +DYW=Hgp |u=Dgp-S¢ | dfu H2(T) | direct | II | Neum. eig.
(72) | 3+ D—-inS)W=gp | u=(D—inS)y | Ex. 6.12 Hz (D) indirect | II never!
(73) <%+D'_—[;7:@2:(DJ)]QD uw="Dgp —SY | dFu H2(T) | direct | II | never!
- 2

(74) | Y e | WS =Sy | gfu™ | HH(I) | direct | 11| never!

Table 1: Six (+1) BIEs for the EDP (32).
They are described in [CK1]: (42) (3.44), (68) (3.26), (69) (3.83), (70) (3.81), (72) (3.51), (73) (3.84).
The BIE (74) can be used only for the SSSP (33) as it requires both traces of u'.

Remark 6.17: (BIO diagonalisation on the circle and BIE stability). Let I' = S!, the unit circle. Then,
all the integral operators we have encountered diagonalise in the circular harmonic basis. This means that e’
is eigenfunction of S, K, K’ and H for all £ € Z. In particular the operators take the values

im

Seltl — ?Jg(k)Hél)(/f)em,
: : i 1 i 1\ .
De? = D'ei — (?Jg(k)hrg”'(k) +5)e = (?Jg(k)’ﬂé”(k) —5)e Lz k>0
. imk? .
Helt — 17T2 Jé(k)Hél)'(k)e’m.

29Figure 18 shows the density v for the indirect BIE (42). However we have seen in §5.5.1 that the solution of this BIE has
the physical interpretation 1) = —85 uT°%, while this is not true for the solutions of the other indirect BIEs (68) and (72).
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This implies that the (spectral) Galerkin-BEM matrix with basis {eiw}g=_L7___,L, for any BIE on the unit circle,
gives a diagonal matrix.

This offers a very simple way to study the spurious resonances of the BIEs. We denote Ar, the eigenvalue
of an operator T associated to ¢, i.e. Te*? = Ap,e?. In Figure 20 we plot the values [|(AS™)~1|| =
infpe(_r,..1) |Ar.¢|~1 for L = 30 as a function of the wavenumber k. Large values of this norm signal that
the linear system is close to singular, and that the corresponding BIE is not invertible for nearby values of
k. We observe these instabilities near the (square roots of the) Dirichlet eigenvalues for the operator ' = S
(corresponding to the BIEs (42) and (69)) and near the Neumann eigenvalues for the operator T = 1 + D
(corresponding to the BIEs (68) and (70), since ‘taking the adjoint” does not change the operator norm). On
the other hand, the operator T = A = 1 + D — ikS of the BIEs (72) and (73) is bounded uniformly. (Here we
have chosen n = k in accordance to Remark 6.14, while choosing = max{k, 1} would stabilise the operator
also for k — 0, which is a Neumann eigenvalue.)

108 I
10°F
10° — IS~
—|z +D|™
A |3+ D — kS|
10 O (Dir. eigenv.)'/?
* (Neum. eigenv.)!/?

10? “ =gt
10" [
100* | ¥ O % &* OO @%@ © ¥ G * 3

0 1 2 3 4 5 6 7 8 9 10

k

Figure 20: The norm of the inverses of the operators of the BIEs of Table 1 for I' = S!. The operator
norm is approximated by the norm of the inverse of the Galerkin-BEM matrix with basis (¢!?),—_ 30,...,30;
which is a diagonal matrix as described in Remark 6.17. The strong peaks in correspondence of the
square roots of the Dirichlet () and Neumann (x) eigenvalues of the disc are the spurious resonances.
Only the combined-field operator A = % + D — ikS (yellow line) is stable for all wavenumbers.

Remark 6.18: (The CHIEF method). A different way to deal with spurious resonances and ensure the
solvability of the BEM linear system even when k2 is a Dirichlet eigenvalue of Q_ is the Combined Helmholtz
Integral Equation Formulation (CHIEF) proposed in [Schenck 1968]. We know from (62) that (Sv)|q_ =
—u'™¢|o,_, where 1) is the solution of the single-layer BIE (42). The CHIEF augments the BEM linear system
At = F with a few more equations (S¢n)(z;) = —u™(z;) for some points z; € Q_, j = 1,..., M. This
gives an overdetermined linear system that can be solved in the least-squares sense. At least some of the points
z; need to be away from the nodal lines of the eigenfunction corresponding to k2, which of course is not known,
so their choice is delicate (in particular for large frequencies).

Remark 6.19: (Exterior Neumann problem). So far we have only considered exterior Dirichlet problems.
All techniques and results can be extended to the exterior Neumann problem: find u € H\ _(Q) such that

Au+ku=0 inQ,, Otu=gny onT, u radiating, (75)
where gy € H_%(l") is a boundary datum. The corresponding sound-hard scattering problem is
AuS 4 2S5 =0 in Q. OFf (WS 4wy =0 onT, uS° radiating,

which is a special case of (75) for gy = —0Fu™¢. The tools needed to construct BIEs for this problem are
the same already introduced: the four BIOs (S, D, D’, H), the two layer potentials (S, D) and their relations.
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We can construct six BIEs, proceeding precisely as we have done for the Dirichlet case in the previous sections:
see the summary in Table 2. Coding a BEM for the exterior Neumann problem is slightly harder than for the
EDP (32) because there is no BIE involving only the single-layer operator S and many of the BIEs listed require
the hypersingular operator H. See also [Sayas06, §11].

Exercise 6.20: (BIEs for the exterior Neumann problem). Derive the six BIEs in Table 2 for the exterior
Neumann problem (75). Start from the representation formulas and use the trace relations (60).

[CK1] BIE representation | density | direct/ | kind | fails for
eq.# formula RS indirect
(3.29) (=3 + D =gn u=S8Y indirect | II Dir. eig.
(3.47) Hyp =gpn u="Dy ~Ftu™t | indirect | I Neum. eig.
(3.82) (=3 4+ D)y = Sgn u=DyY—-8gn | v u direct II Dir. eig.
(3.85) Hy = (34 D')gn u=DyY—S8gn | v u direct I Neum. eig.
(3.53)

(3.86)

(,% + D' +inH)p =gy | u= (S +inD)y indirect | II never

_1 :
2+?—(FSITQ£+D/))9N u=Dyp—Sgn | vTu direct I never
- 2

Table 2: Six BIEs for the exterior Neumann problem (75). The first column indicates the equation number
in [CK1]. Note the symmetry with the Dirichlet case in Table 1.

Exercise 6.21: (BIO diagonalisation on the circle). (i) Read carefully Remark 6.17 and reproduce Figure 20.
(ii) Repeat the same for the exterior Neumann problem described in Remark 6.19.

Exercise 6.22: (Exterior impedance problem). Consider the exterior impedance problem
Au+ku=0 inQy, Ofu+ikdytu=gr onT, u radiating, (76)

for gy € H-2(T') and ¥ € L>®(T), essinfd > 0. (For the interior impedance BVP (27) on Q_ we used the
condition with opposite sign 0, u — ik¥y"u = g;: the two choices are consistent because n, entering the
definition of 9, points in Q4 and out of Q2_.)

e Using Lemma 5.17, prove that (76) admits at most one solution.

e Show that u = S, for ¢» € H~2(I') solution of the BIE (3 — D' —ik9S)y = —g, is solution of (76).
Show that the operator of this BIE is injective if and only if k2 is not a Dirichlet eigenvalue in €2_.

e Show that u = (S + inD)1) solves (76) if ¢ is solution of the combined-field BIE

1 4 ko
( +2 1~ 30kS + nokD — D' — inH ) = —gr.

Finally, show that the operator of this BIE is injective for all k > 0 and 1 > 0.
For help and more details, see [CK1, §3.7].

6.2.6 THERE IS MUCH MORE THAN THIS!

In these notes we have considered exterior Dirichlet BVPs for the 2D Helmholtz equation. However
BIEs and BEMs have a much broader range of applicability. They may be used to model, analyse
and approximate Helmholtz BVPs posed on bounded domains, on domains with unbounded or non-
Lipschitz boundaries, transmission problems (i.e. multiple Helmholtz equations with different wavenumbers
on different domains, coupled by Dirichlet and Neumann conditions),. . ..

BIEs can be used for much more general linear PDEs (of all kinds: elliptic, parabolic and hyperbolic)
in any dimension, including systems of PDEs such as those of elasticity and electromagnetism (recall
§1.3-1.4). In computational electromagnetism, the BEM is often called “method of moments” (MoM).
The main requirement for implementing a BEM is that the fundamental solution of the problem is known,
either in exact or approximate form.

A BEM can be coupled with a FEM (or another volume-based method) for approximating problems
with different physical models in different subdomains. Typically, FEMs are used in small regions of high
geometric complexity, variable coefficients or non-linearities, and BEMs are used to deal with unbounded
regions where coefficients are constant.
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The use of BEM in applications requires the solution of large dense linear systems. Often their solution
with direct methods (such as Gauss elimination) is too expensive and they are often solved with iterative
(Krylov) methods such as GMRES, usually with preconditioning. For large systems, even assembling
the matrix may be unfeasible. Thus several techniques to compute matrix—vector multiplications, which
are the key steps in Krylov methods, without explicitly assembling the matrix have been developed.
These techniques exploit the structure of the BEM matrix and the properties of the fundamental solution.
Important realisations of this idea are the fast multipole method (FMM), the panel clustering and the
hierarchical matrices (H-matrices).

An open-source, high-performance Galerkin-BEM code with a Python interface is Bempp. On its web-
site (http://bempp.com/) you can find examples of the use of BEM for high-intensity focused ultrasound
medicine (where the underlying PDE is the Helmholtz equation) and electromagnetic wave scattering.

Another important numerical method for the discretisation of BIEs is Nystrom method, which can
converge extremely fast for smooth scatterers; see [CK2, §3.5] for the application to 2D Brakhage—Werner
equation or [Sayaslb, pp. 33 and 36| for the Laplace case.

Plenty of information can be found in the references in the bibliography and in the books mentioned
in Remark 5.24.

6.3 ERROR ANALYSIS OF THE GALERKIN METHOD APPLIED TO GARDING-
TYPE PROBLEMS

6.3.1 ABSTRACT VARIATIONAL FRAMEWORK

We recall the general variational problem (22) and its Galerkin approximation (23):
find we H such that A(u,w) = F(w) Yw € H, (77)
find uy € Vy such that  A(uy,wny) = F(wy) Ywy € Vi, (78)

where H is a Hilbert space, Vi C H is a finite-dimensional subspace, A(-,-) and F(-) are a sesquilinear
and a continuous antilinear functional on H.

If A(-,-) is continuous and coercive in H, the stability and error analysis of the Galerkin method is
simple, thanks to Lax—Milgram theorem and Céa lemma. Unfortunately, the variational problems studied
in this course fall outside of this framework. The key result to extend Céa lemma to problems satisfying a
Garding inequality is the following theorem. This is a modification of the classical “Aubin—Nitsche duality
trick” used also in finite element analysis; in the context of Helmholtz problems it is often called “Schatz
argument”. Here we closely follow [Spencel4, Thm. 5.21].

Theorem 6.23: (Galerkin method for Garding inequality). Let H C V be Hilbert spaces and the inclusion
be compact. Let A(-,-) be a continuous sesquilinear form on H that satisfies the Garding inequality (24):

A, w)] < Callolly lwlly,  R{A@)} = alvly —Cvilly,  Yo,weH  (a,Cv,Ca>0).

Assume that the only ug € H such that A(ug,v) = 0 for all v € H is ug = 0 (so that the variational problem
(77) is well-posed for any right-hand side). Let F(-) be a continuous linear functional on H and u be the
solution of the variational problem (77).

Given f € V, let z; € H be the solution of the adjoint problem

A, zp) = (v, flv Vv eH, (79)
where (-, )y is the scalar product in V. Let Viy be a finite-dimensional subspace of H and define

Zr —
n(Vy) = sup min 7” / Nl
revifzo onevn | flly

If n(V) satisfies the threshold condition
1 «
N e 81
then the Galerkin method (78) is well-posed and its solution uy satisfies the quasi-optimality bound

204 .
[u—unllgy < —, Jmin [w—vnllg- (82)
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The statement of this theorem is not simple and requires some explanation. Our goal is to prove
that the Galerkin method is well posed and the quasi-optimality bound (82) holds. This ensures that the
Galerkin error ||u — un||; is controlled by the best-approximation error, i.e. by the best error achievable
if we knew the exact solution v and we tried to approximate it with the discrete space Vy. Quasi-
optimality holds for all finite-dimensional subspaces Vy C H when we are in a Lax—Milgram setting,
i.e. when A(:,-) is coercive. The bad news is that this is not true for all Vy if A(-,-) only satisfies a
Garding inequality. The good news is that well-posedness and quasi-optimality hold if Vy “has sufficiently
good approximation properties”. How do we measure the approximation properties of a discrete space?
The “adjoint approximability parameter” n(Vy) in (80) precisely quantifies how well V approximates
the solution of the “adjoint problem” (79), whose datum f is an arbitrary element of the larger space V.
The smaller 1(Vy), the better the approximation offered by V. If the “threshold condition” (81) holds,
i.e. n(Vy) is smaller than a certain quantity that depends on A(:,-), then we have what we want: the
well-posedness of the Galerkin method and its quasi-optimality.3°

In brief, Theorem 6.23 states, in a precise quantitative way, the following:

if the discrete space is sufficiently fine, then the Galerkin method (applied to a well-posed
Garding-type problem) is well-posed and quasi-optimal.

If we have a dense sequence of discrete spaces (Vy)nen (i-e. such that inf,cvy ||[v —vn|; — 0 for
N — oo and for all v € H) then the theorem states that we eventually achieve convergence. Typically,
for constant-degree piecewise-polynomial FEM or BEM, this means that the method is guaranteed to be
well-posed and quasi-optimal if the mesh employed is sufficiently fine. In the next sections we analyse a
couple of examples coming from discretisations of the Helmholtz equation.

The phenomenon described by Theorem 6.23 is often observed numerically. When we approximate a
Laplace-type problem with a sequence of meshes we observe a reduction of the error starting from the
first mesh refinements. For a Helmholtz-type problem, mesh refinement doesn’t give any improvement in
the solution until some threshold hg on the mesh size h is reached; for h < hy we observe convergence of
the error to zero.

Proof of Theorem 6.23. We follow [Spencel4, Thm. 5.21].3!

We first assume that the Galerkin method (78) admits a solution uy. We recall the Galerkin or-
thogonality A(u — un,vy) = 0 which holds for all vy € V. In the following bound we use the adjoint
problem (79) with source term f =« — uy and denote by wy € Vi the element minimising the ratio in
the definition (80) of the approximability parameter n(Vy). We first control the (weaker) V' norm of the
Galerkin error, exploiting the adjoint problem:

Ju—un|l} = Al — un, Zu—uy) adjoint problem (79)
=A(u —un, Zy—uy — WN) Galerkin orthogonality
< Cuallu—un|yll2u—uy —wn| g continuity of A(-, )
< Can(Vn) |lu — unll g lu —unlly definition of n(Vy) (80)
< o lu —unll g lu —unlly threshold condition (81).

2CYy

Then also the (stronger) H norm of the error can be controlled:
allu—un| < R{AMW - uyn,u—uy)} + Cyv |lu — un|? Gérding inequality (24)
= R{A(u —uny,u—ovn)} + Cy ||Ju— uN||%, Galerkin orthogonality, Yoy € Vi
<Cpllu—unl|lgllu—ovn|ly +Cvllu— uN||%, continuity of A(,-)
< Caflu = unllg = ol + 5 e =

where in the last step we used the previous bound (after simplifying a term and squaring). Moving
the last term to the left-hand side of the equation, and simplifying ||u — un||;, we obtain the desired
quasi-optimality bound (82).

30A (surprising) theorem by Gohberg and Fel’dman (1971) states that, given a continuous linear operator A : H — H,
this is sum of a coercive and a compact operator if and only if the Galerkin method for (Au,v)y = (f,v)y converges for
all sequences (Hy)nen of nested finite-dimensional subspaces such that limy_, o infy yepy |[u —unl|lyg =0 for all uw € H.
In words: the Galerkin method converges for all dense subspace sequences iff the problem is a compact perturbation of a
coercive problem. In this section we are studying the implication “compactly-perturbed problem=>Galerkin convergence”,
the converse means that we cannot expect this to hold in a much more general setting.

31 This proof should remind you the derivation of error estimates on the L2 norm of the error of classical finite elements
for elliptic problems.
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Taking vy = 0 in (82) and using the triangle inequality, we have the stability estimate [|uy|,; <
(1+ %’i) |lu|l . By the injectivity assumption stipulated in the theorem, if 7 = 0 then u = 0 and, by this
stability bound, also uy = 0. This means that the solution of the Galerkin method (78) is at most unique.
Since the method is equivalent to a square N x N linear system, uniqueness implies well-posedness. We
conclude that uy exists, so the assumption made at the beginning of the proof is justified. O

Remark 6.24: (Galerkin method for compactly perturbed problem). A related error analysis of the
Galerkin approximation of variational problems whose sesquilinear form is sum of a coercive and a compact one
is presented in [SBH19, §8.9]. This theory is simpler, does not use the adjoint problem, and it is slightly more
general: it does not require the Garding inequality but only the Fredholm property. On the other hand, the
threshold condition (81) and the quasi-optimality bound (82) obtained this way are not explicit.

Exercise 6.25: (Parameter tuning). Show that if we assume n(Vy) < é1 / 56 for some b > 1 instead of

(81), then the quasi-optimality constant % in (82) can be substituted by %%“.

This means that, with this proof, we can win at most a factor v/2 in the threshold on (V) (i.e. allow a
slightly coarser discrete space), paying with a poorer quasi-optimality constant. Conversely (choosing b > 2)
one can reduce by a factor at most 2 the quasi-optimality constant, paying with a more restrictive threshold
condition. In brief: in Theorem 6.23 we arbitrarily chose the factor 2 that appears in (81) and (82), but other
choices don't give substantial improvements.

In the next two sections we sketch how to apply Theorem 6.23 to two exemplary problems: the FEM
for the interior Helmholtz problem, and the BEM for the exterior Dirichlet problem. We use several results
from the theory of PDEs, BIOs and FEMs, without justifying their use in full details.

6.3.2 FEM ERROR ANALYSIS FOR INTERIOR PROBLEMS

To better understand Theorem 6.23 we apply it to the simplest problem we know in this setting: the
variational formulation (26) of the interior Helmholtz Dirichlet problem (25). Here Q C R? is a bounded
Lipschitz domain,

H = H(Q), V=L[*Q), Aluw)= / (VuVw — k*uw) dx.
Q

It is convenient to use a dimensionally-homogeneous version of the H'(f2) norm, weighted with the
wavenumber k:

2 2 2
[0l ) = 10l ) + K ol 220 -

With this norm, the constants in the Garding inequality and in the continuity of A(,-) are
a=1, Cy = 2k?, Cy=1.

For each f € L?(Q), the adjoint problem (79) consists in finding z; € H}(£2) such that

/Q(VUVZ — k*zy)dx = /Qv?dx Vv € Hy(Q),

where at the right-hand side we simply have the V = L?(Q) scalar product. Taking the complex conjugate,
this is again (26), the variational formulation of the interior Helmholtz Dirichlet problem:

Azp+k*2p=—f inQ, yu=0 on 0.

This is because the Helmholtz Dirichlet problem is self-adjoint: it coincides with its adjoint. We assume
that k2 is not a Dirichlet eigenvalue in §2: this corresponds to the assumption made in the theorem that the
homogeneous problems admits only the trivial solution. Well-posedness comes with stability, also for the
adjoint problem: ”ZfHH;(Q) < Cstab [|f[p2(q)» for some Csiap, > 0 depending on k and €2 but independent
of f (and which may be difficult to estimate).

Since zy € H}(Q) and Az = —f — k?z¢ € L*(Q), by elliptic regularity [Th198, Prop. 2.24|, if Q
is a smooth or convex domain then 2y € H*(Q) and [|zf] 42y < Cro Hf—|—k2szL2(Q) < Cp2(1+
kCstab) ||fHL2(Q) for some Cg2 > 0 depending on €. Assume V) is the space of piecewise-linear fi-
nite elements on a quasi-uniform, shape-regular triangulation of 2 with mesh size h. Classical finite-
element approximation estimates (Bramble-Hilbert lemma, e.g. as in [Ihl98, eq. (4.1.10)]) state that
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infoyevy [0 = vnllgio) < Coah|[vlg2q) for all v € H?(Q) and for some Cppy that depends on (2,

k and the “chunkiness” of the mesh elements?. Collecting all these bounds:

inf ||Zf - UNHHl(Q) S CBHh HZfHHQ(Q) S hCBHCHz(l + kC’smb) ||fHL2(Q) Vf S LZ(Q)
vNEVN k

We have obtained a bound on the adjoint approximability parameter defined in (80):
’f](VN) < hCBHCH2(1 + kCStab).

Then the threshold condition (81) is satisfied if h < h,, where

1 o 1
h, = < .
CaACBHCH2(1 + kCsap) V 2Cy — 2k CpaCh2(1 + kCgab)

If the finite element mesh size h is smaller than this value, then the method is well-posed and the quasi-
optimality bound (82)
Ju— UN||H;(Q) <2 vané%v llu— ’UNHH;(Q)

holds. This gives a recipe to choose a suitable mesh and predict what is the computational effort required
for the FEM to approximate the solution u of the Dirichlet problem (25) to a desired accuracy.

Exercise 6.26: (Galerkin method for the impedance problem). Repeat the argument of this section for
the FEM applied to the interior impedance problem (28). Which of the assumptions in Theorem 6.23 comes
for free?

Remark 6.27: (k-dependence in the FEM). We observe that the mesh size threshold h, decreases with
k — oo: this means that higher frequencies require finer meshes (and larger linear systems: in 2D the number
of DOFs involved in a standard FEM discretisation is proportional to h=2). In Remark 5.7 we explained why
h < k~!is needed to maintain a given level of approximation for large k. Here instead we are not looking at
the approximability of the solution, but at the stability of the Galerkin scheme: the bound on h, is needed to
ensure well-posedness and quasi-optimality.

Moreover, we observe that h, grows more than linearly in £71.33 So, while h = O(k™!) (N =~ k? DOFs)
is enough to ensure good approximation properties, we need finer meshes with h = O(k~%) (N ~ k2% DOFs)
for some a > 1 to ensure stability.

This is not an artefact of the proof but can be observed numerically and is a major problem in the numerical
analysis of high-frequency time-harmonic problems. This notorious phenomenon is called pollution effect; it
is described e.g. in [Ih198, §4.6]. High-order methods (i.e. FEM with high-degree piecewise-polynomial discrete
spaces) perform better under this respect. A great deal of research is devoted to the design of Galerkin schemes
for time-harmonic problems that are robust and accurate for large wavenumbers.

Exercise 6.28: (FEM numerical experiments). Use piecewise-linear finite elements on a quasi-uniform mesh
to approximate an interior Helmholtz BVP. Choose either a (well-posed) Dirichlet or an impedance problem, in
1D or in 2D.

Plot the norm of (i) the Galerkin error and (ii) the best-approximation error (e.g. computed with the L?(£2)
projection) for decreasing mesh sizes h. Repeat the same plot for different values of k. Observe how the
best-approximation error starts to converge only for A ~ k=, while the Galerkin method needs even smaller h
to start converging. Study numerically the quasi-optimality constant in dependence of k.

You can try to reproduce the example in Figure 21.

6.3.3 BEM ERROR ANALYSIS FOR THE SINGLE-LAYER BIE

We want to apply Theorem 6.23 to the Galerkin-BEM discretisation (§5.2) of the single-layer BIE S = gp,
(42). Our goal is to show that the piecewise-constant Galerkin-BEM is well-posed and quasi-optimal if
the mesh size h is sufficiently small. We recall the variational formulation (44):

find ¢ € H_%(P) such that  A(v,&) := (SY,&)r = (9p,&)r =: F(§) V€ € H_%(F)-

32More precisely, inf,  cvy [[v — UNHH}C(Q) < Chy(h+ R%k) [v] gr2(q) for C'zpy independent of k.

33The bound suggests a quadratic growth hy &~ k~2, but h, &~ k—3/2 is typically enough [Th198, eq. (4.7.41)]. Here we
are not taking into accounts that Cgiap, depends on k; this dependence is more easily studied for impedance problems and
simple geometries (2 convex or star-shaped).
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Figure 21: Error analysis of the finite element approximation of an interior impedance Helmholtz BVP.
We consider the simple 1D problem u” + k*u = 0, u/(0) +iku(0) = 2ik, u/(1) —iku(1) = 0 on the interval
Q = (0,1) for k = 10, 100, 1000. We approximate u(z) = e'** with piecewise-linear finite elements on
uniform meshes with element size h and N =1+ 1/h DOFs.

In blue we see the Galerkin relative error % in L?(0,1) (O markers) and Hj}(0,1) (O markers)

norms plotted against h € {271,272, ... 27} We compare against the L*(0,1) (x markers) and
H}(0,1) (+ markers) best approximation errors (computed by the orthogonal projection with the rele-
vant matrices). We observe three regimes:

(i) for 2% < h (right) w is not approximated at all, the wave is not resolved by the discrete space;

(ii) for k3 = ShS 2” (centre) the best approximation error decays with optimal order, while the Ga-
lerkin error remains roughly constant;

(iii) for h < 355 (left part of each plot) the Galerkin error decays with optimal rate.

The lower plots show the quasi-optimality ratio.

The presence of the regime (ii) (in which the Galerkin solution performs much worse than the best
approximation) and the growth of the quasi-optimality ratio for increasing values of k are signals of the
pollution effect. See Remark 6.27 and Exercise 6.28.

The space in which the variational problem is posed is H = H _%(F). The continuity constant of the

sesquilinear form A(:,-) is Cyq = HS’||H,§ O)oa ) (with the H*(T") norms defined as in Exercise 3.6).

We have seen in §6.1 that the operator S : H~2(I') — H=(T') is Fredholm but we haven’t proved a
Garding inequality yet. The Fredholm property of S was proved from the decomposition S = S.+ (S —S..)
for ¢ > 0, where the first term is coercive and the second compact. Recall from §6.1.2 that S, is the single-
layer operator for the reaction—diffusion or the Laplace equation, for ¢ > 0 or ¢ = 0, respectively. In the
following we choose ¢ > 0 for simplicity. To write a Garding inequality for A(-, -) we need a space V larger
than H~2(T) (recall that H~2(T) is larger than L2(I')). To identify this space V we need to study the
mapping properties of S — S, and write a Garding inequality.

We have seen numerically in §6.1.3 (in particular in Figure 19) that, on the circular boundary I' = 0B,
S—S.: H*(T) — H*T3(T) for all s € R. We assume that I is sufficiently regular so that S—S,. : H=}(T") —
HY(T) is a continuous operator. We denote its operator norm by C; := || — Sell gr-1(0y= #r1.(r)» depending
only on k, ¢, I'. Then the bound

(S = S, el < 1S = Sblg1 0y Il ry < Clllgs oy €y Vb € HTH(D)
and the coercivity of S, shown in §6.1.5 give the Garding inequality: V¢ € H —3 (),

R{A@W, )} = R{(Se,v)r} = R{(Setb e } + R{(S — S, dir} = aclly g ) = O Il

where a, := m and Cy, is the continuity constant of the normal trace operator in (67). This

Garding inequality suggests to choose V = H~1(T").
The adjoint problem (79) is:

given f € HY(T), find z; € H3(T) such that A(&, z5) = (S&, zf)r = (&, Nuqy VE€ H 3(T).
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From A(v,w) = A(w, ) (which can be verified by the definitions of A(-,-) and S) and (v,w)y-1(ry =
(W, V) g-1(ry, we can rewrite the equation as A(Zy, & = (f, E)Hfl(r‘). Dropping the complex conjugates,
we obtain A(zf,&) = (f,§)u-1ar). Since H'(T) 3 & — (f,&)u-1(r) defines a continuous antilinear
functional on H~1(T"), it can be represented by an element F' € H!(T') with 1Fl gy < Collfll -1y
(ie. (f,&)m—1(r)y = (F,&)r, recall §3.3.3). Thus the adjoint problem is again the single-layer BIE Szy = F
for a “smooth” datum F € H*(T).

Assume that k2 is not a Dirichlet eigenvalue for ©_ (which we need to assume for the BIE to be
well-posed, as required by the theorem). Then S : H —3 I —H 3 (T") is invertible, as explained in §6.1.1.
It is possible to show that the single-layer operator is invertible3* also as S : L?(I') — H'(T"). This implies
a regularity result for the adjoint problem: zy € L?*(T).

The adjoint problem solution z; is an element of L?(I') which can be approximated by the piecewise-
constant space Viy defined in §5.2. Indeed, approximation (and operator interpolation) theory gives that
there exists a discrete function vy € Vy and a Capp > 0 independent of h and z; such that®®

1 T
Hzf —un|| < Capph? ||ZfHL2(F) < Capph? HS 1HH1(F)HL2(F) ||FHH1(F)

H™3 (D)
1 ae

< C’*C’Apph2 HS 1||H1(F)—>L2(F) ||fHH—1(F) .
Recall that h is the length of the longest mesh element. This corresponds to an estimate on n(Vy):

lzr = onll ;-3 ,
H Z(F) SC*CApphius_

n(Vy)= sup min

1
feH-1(I) OV EVa ”f”H—l(F) ||H1(F)—>L2(F) '

Similarly to the FEM case in §6.3.2, we have proved that if h is sufficiently small then the threshold
condition (81) is satisfied and the Galerkin-BEM is well-posed and quasi-optimal.3¢

34We know S : L2(I') — H!(T") is injective for this choice of k. We have seen in §6.1.4 that S — Sy : L?(T") — H'(T) is
compact, as it corresponds to an integral operator with bounded kernel. It also holds that Sg : L2 T — H! (T") is invertible.
Then Fredholm alternative Theorem 3.12 yields the invertibility of S in the desired spaces.

35Tn order to bound n(Vy), both in the FEM and in the BEM cases, we used three main ingredients: (i) the stability of
the adjoint problem, (ii) a regularity result for its solution, and (iii) an approximation result. In the FEM case, (i)—(ii)—-
(iii) correspond to the terms Cgian, Cp2 and Cpp, respectively. In the BEM case, stability and regularity together give
Cly HS‘I ||H1(F)~>L2(F) and the approximation term gives Capp.

36 More precisely, if h < hy for
-1

—1112
he = (4max{1, ?}C2C3 ., Cor Isi® IS = Sell -1y ey 1S i oy 2@y ) s

1 1
2(0)—H?2 (D)
we have the quasi-optimality estimate (82)

o —onll 1 <Cqo inf [lv—op|l
vNEVN

— 2
a3 Cqo := 4Cr max{1,c }”S”H’%(

1 1.
H™2(I) )—H?Z2(I)

Both hy and Cy, depends only on I', k and ¢ (which can be chosen arbitrarily).
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A USEFUL CALCULUS FORMULAS AND NOTATION

BR(X) = {y cR": |y — X| < R}, Bgr = BR(O),

polar coordinates: (z1,22) = (rcosf,rsinf), r>0,0<86 <2, dzy dze = rdrdé,
. o eiz + e—iz ] eiz _ e—iz ) )
e¥ =cosz+isinz, cosz= —5 sinz = — R =real part, & = imaginary part,
i
v X W = (Vw3 — v3Wwse, V3w — V1W3, U1We — VaWi), ux (vxw)=vu-w)—wu-v),
ou ou ovy Ovy,
Vu::(— —) divv=V.-vi=—+ -+ —
Oz’ 7 Oxy Oy Oy’
. 0%u 0%u 1 9/ Ou 1 0%u 0%y 10u 1 0%u
Au = V?u := div(Vu) = 5+t if p=2 (*) - = 5t =+ 5=,
03 or2 ror\ or r2 062 or2  ror  r206?
curl Vv (8’03 (9112 (9’01 (9’[13 3’02 8111)
urlv = a T . " a. T a. v a. T 4. )
8$2 8563 8x3 8%1 8x1 8‘%2
curl Vu = 0, divcurlv = 0,
curlcurlv =V(V - v) — Av
8 Vo 02’03 _ (92’()1 _ 82711 8 _o"v1 + 8 U3 _ 82712 _ 621}2 8 _o"v1 + (9 Vo _ 621}3 _ 82’03
Ox10x2 Ox10x3 Ox2 0x% >  Ow 0z Oxo0x3 0x? 0x%’  Ow10zs Ox20x3 0z O0x3

B BESSEL FUNCTION FORMULAS
All these formulas can be found in [DLMF, §10] and [CK2, §3.4]. Here r > 0 and ¢ € Z.

P2 (r) +rf (r) 4+ (r? = 62) f(r) = 0, Bessel differential equation, f € {Jy, Yy, Hél), HéQ)}7

N s ) (1r2)j
Jg"":(*) —1‘747 éEN,
=13 ;( Vet 0
Joy —J Y1 Y,
Jo= (D" Y= (-1)'Y, Ji= T, Y = T
—0 ]
HY = J+iYe, HP =J,—iYe = H", E|Hél)(r)| <0,

el cose — Z i€ (r)ett Jacobi-Anger formula, o € R,
LEL

5= Zeos (- 5T (140 (D)) i) =\ 2o (r- T -T) (140 (2)),

1 er 4 —Z—% (1) \/5 2 4 Z—%
Jg(T)NE<5) 14 , Hy/(r)~—i ;(5) 14 for £ — oo,

¥4 : 2[

2
Jo(r) ~ ot ? € Ny, Hél)(r) ~ ;llogr, Hél)(r) (é - 1)'— leN for r N\ 0.

Here a(x) ~ b(x) for £ — X means that lim,_, x bgmg =1

C LIST OF ACRONYMS

e BCs: boundary conditions.

e BEM: boundary element method.

e FEM.: finite element method.

i ] e PDE: partial differential equation.
e BIE: boundary integral equation. )
] e PEC: perfect electric conductor.
e BIO: boundary integral operator. )
e SSSP: sound-soft scattering problem.
e BVP: boundary value problem. )
e TE: transverse-electric.
e DOFs: degrees of freedom. . .
o e TEM: transverse-electric and magnetic.
e DtN: Dirichlet-to-Neumann map. )
] o e TM: transverse-magnetic.
e EDP: exterior Dirichlet problem.
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D SUMMARY

In this course we studied the boundary element method (BEM) for the numerical approximation of sound-
soft scattering problems for the homogeneous Helmholtz equation in two dimensions.

The Helmholtz equation Au + k*>u = 0 is relevant because it characterizes the space dependence
u(x) of time-harmonic solutions U(x,t) = R{u(x)e “!} of the wave equation C%%Ztg] — AU = 0, where
k = w/c > 0 is the wavenumber, w the time frequency and ¢ the wave speed (§1.2). The wave equation
models the propagation and the scattering of acoustic waves (§1.1). The Helmholtz equation arises also
in the modelling of electromagnetic (§1.3) and elastic (§1.4) waves.

The solutions of the Helmholtz equation that are separable in Cartesian coordinates are the plane
waves (§2.2), which are either propagative or evanescent (§2.2.1). The solutions that are separable in

polar coordinates are the circular waves, which are products of Bessel (Jp, Y7) and Hankel (ngl), Hf))
functions (§2.3) in the radial variable r (times k) and circular harmonics €!*’ in the angular variable.

We can easily compute by hand the reflection of a plane wave hitting an infinite straight line equipped
with Dirichlet, Neumann, or impedance conditions (§4.1). In order to study the wave scattering by
bounded obstacles we need to deal with Lipschitz domains (§3.1), function spaces defined on them (§3.2)
and on their boundaries (§3.3) and Green’s identities (§3.4). With these tools we can formulate the
exterior Dirichlet problems, and in particular the sound-soft scattering problems (§4.3.2). The simplest
example is given by a circular scatterer (§4.3.1), for which we can write the solution explicitly. The
key condition “at infinity”, used to select the correct solution, is the Sommerfeld radiation condition
|0pu — 1ku| = 0p oo (r—1/2).

Using the fundamental solution ®; of the Helmholtz equation, we define the single-layer potential S
and the single-layer operator S. These allow to write the boundary integral equation (BIE) Sv = gp and
the representation formula u = Si. Solving the BIE and applying the representation formula we obtain
the solution of the exterior Dirichlet problem (§5.1). The BIE can be discretised with a collocation-BEM
or a Galerkin-BEM (8§5.2). The implementation of the BEM requires a careful use of quadrature formulas
(85.2.1). Several variations and extensions of the BEM are possible (§5.2.2).

The analysis of the Helmholtz equation (in the form of boundary value problem or BIE) involves
non-coercive variational problems that admit Garding inequalities, and relies on Fredholm theory (§3.5).
This allows to study BVPs posed both in bounded domains (§4.2), which are closely related to Laplace
eigenvalue problems, and in exterior domains (§4.3). An important formula is Green’s representation,
which allows to write Helmholtz solutions in terms of their traces (§5.3). One can also define the double-
layer potential D and operator D (§5.4), the adjoint double-layer operator D’ and the hypersingular
operator H (§5.5). The two potentials and the four operators are related to one another by the Dirichlet
and Neumann trace operators (60), which determine the jump relations (61).

The well-posedness of the single-layer BIE (§6.1) follows from the injectivity and the Fredholm property
of S, The injectivity holds only when k? is not a Laplace eigenvalue (§6.1.1). The Fredholm property
(§6.1.2) is obtained by decomposing S in the sum of a coercive part related to the reaction-diffusion
equation (§6.1.5) and a compact part corresponding to a bounded kernel function (§6.1.4).

Many other integral equations are possible for the same exterior Dirichlet problem (§6.2), some of
which are well-posed for all values of £k (§6.2.3, §6.2.4).

Galerkin discretisations of non-coercive problems that satisfy a Gérding inequality are well-posed and
quasi-optimal if the discrete space is “sufficiently fine” (§6.3.1). This applies to both the finite element
method (§6.3.2) and the BEM (§6.3.3) approximations of Helmholtz problems.
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