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1. Let (x0, y0) ∈ R×R, consider the following Cauchy Problem{
y′(x) = (y(x)− 1) cos(x)

y(x0) = y0.

a) Discuss local and global existence and uniqueness of solutions, depending on (x0, y0).

b) Find explicitly the solution in case (x0, y0) = (0,−1) and draw its graph.

c) Prove the boundedness of the solution at point b).

2. Given the ODE equation

y′′ + y = sin(2x)

find the solutions ȳ such that ȳ(0) = 0. Does the equation admit unbounded solutions? (Justify
the answer).

3. Let, for x > 0 and n ∈ N,

fn(x) :=
e−x

1 + nx
.

Then

a) Find the pointwise limit f of fn as n tends to +∞.

b) Prove that fn ∈ L1(0,+∞) for every n.

c) Compute, justifying the passages, the limn→+∞
∫ +∞
0

fn(x) dx .

4. Let h > 0, and δh(x) := 1
h
χ[−h/2,h/2](x), where

χ[−h/2,h/2](x) :=

{
1 if x ∈ [−h/2, h/2]

0 otherwise.

Prove that

a) δh → δ0 as h→ 0;

b) if f(x) = ax+ b, a, b ∈ R, then δh ∗ f = f for every h > 0;

c) if f(x) = ax2 + bx+ c, a, b, c ∈ R, then δh ∗ f = f + ah2
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for every h > 0.


